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SET THEORY

1.1 Concept of sets

Sets are usually denoted by capital letters such as A4, B ... X, etc., while
their elements use lowercase letters a, b ... x, etc. But in the representation
of the set, we can also use different symbols and punctuation elements,
such as points, numbers, geometric figures, etc. For example, set A with
elements a,b ...etc. is denoted by:

A={ab, -}

Sets can also be described. For example:
A = {x: x has property P}or A = {x /P(x)}.
Another example:

= Set A = {x /x = 2k, k — integer number}, express the set of even
numbers;

= Set B = {x / sinx = 0}, express the set of solutions of the function
sin(x), etc.

There are finite and infinite sets.
For example:

* {a,,a,--} isan infinite set;
= {b;,b,, -+, by} is a finite set with n — elements.

So, very often we consider sets with one element {p}, where p could be
any object, for example {1,2,3}. The empty set, i.e. the set without any
elements, will be denoted by ®.



1.2 Quantifications 3 and V

When an element a exists from the set A, then it will be denoted by 3 a
from set A. For a set A, we say that it is a subset of set B if all the elements
of set A also belong to set B, and this is symbolically denoted by A C B,
which means that Vx € A, then it follows that x € B, in cases where the
inclusion of those sets is rigorous (this means that there are elements in set
B that are not in the set A), and A € B in cases where the inclusion is not
rigorous.

We say that two sets A and B are equal to each other, and denoted by A =
B, if the following relations hold: A € B and B c A.

1.3 Set operations
Definition 1.3.1 Union of the sets

The union of two sets A and B, symbolically A U B, is called the set which
deals with the collection of the elements of those two sets into a single set
without repeating them:

AUB ={x:x € AVx € B},
where the symbol V is read as ‘or’.

Next, we see that the union of sets can also be defined for a larger number
of sets. By the union of n — sets, we mean the new set:

}111 A = {x/Vie(123,....,n}, x € A},
i=

Analogously, the union of sets for a countable number of sets is expressed
using the relation:

_ﬂl Ai = {x/Vl € N,x € Ai},
i=

which means that the element x belongs to the countable union of sets if it
belongs to at least one of those sets.

Definition 1.3.2 Intersection of sets

The intersection or common part of the sets A and B, denoted A N B, is the set
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ANB={x|x€ AAx € B}.
The symbol A is read as ‘and’.

This means that an element x belongs to the sets A and B if it belongs to
both of them together.

With regards to the cutting of sets, we can consider cutting a finite number
of them, and it is defined as follows:

}1\1 A = {x/Vk € (123,....,n}, x € A},
i=

which means an element x belongs to the cutting of n — sets if it belongs
to each of the considered sets. As in the case of the union of sets, we can
consider cutting the countable sets, and it is defined as follows:

,Ori A; ={x:vk € N,x € A, }.
i=

Definition 1.3.3 The difference between sets

The difference between set A and B, which symbolically is denoted by A \
B, is a set that consists of elements that are in the first set, but not in the
second set:

A\B = {x|x € ANx & B}.
Example 1.3.4 Find the difference between sets:
A={1,2345} and B = {3,6,8,9}.
A\B ={x|x e Anx ¢ B} ={1,2,3,45}\ {3,689} = {1,2,4,5}.

If A € B, then the difference B \ 4 is called the complement of set A into
B and is denoted in one of the following forms: CzA, B, or BC.

In the case where set B and is denoted in one of the following forms: A
or A® and we call it the compliment of A. It is obvious C(CA) = A or

A=A

Taking into consideration the difference between sets, we can define the
symmetric difference of sets.



The symmetric difference of sets A and B is defined by the relation:
AAB = (A\B) U (B\4),
which expresses the union between sets A\B and B\A.
The symmetric difference between sets can also be defined as follows:
AAB = (AU B)\(AN B).

Based on these definitions and the properties of the operations of the sets,
we can prove the following relations:

Proposition 1.3.5 For given sets 4, B and C, the relations are:

A\B=ANB
AAB = AAB
AUBNC)=((AUB)N(AUC(C)
ANn(BUC)=((ANB)U(ANC)
(AUB)=ANB
(AnB) =AUB.

Proof: We will now prove one of these relations. For example, in the first
case, we know we have to prove that the left-hand side of the above
relation should be included in the right-hand side and vice versa.

x€EAB=>x€ANxEB=>x€ANxEB=>x€(ANB)

proves one side of the relation. We will now prove the other side of the
relation:

x€(ANB)=>x€ANXxEB=>xEANXx&B = x € A\B.

Hence, the first relation is proved. We can prove the other relations given
in the above proposition in a similar way.

1.4 The partitive set - Boole’s algebra

The main idea here is that from a set M another set P(M) is formed, the
elements of which make the whole of set M.
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Definition 1.4.1 The set of all parts (subsets) of the set M, (including M
and @), is called the set of parts (partitives) of M. So,

P(M) = {X|VX € M}.
Example 1.4.2 Find the set of parts for M={a,b,c}.

Solution:

P(M) = {®,{a}, (b}, {c},{a,b},{a,c}{b,c}{ab,c}}.

If M is an arbitrary set and P(M) is the set of its parts, we apply the
operations cut, union, and complement to the elements of P(M). These
operations are closed in P(M) and the ordered system (P(M),uU,n,\) is
called the Boolean algebra (after George Boole) of the set M.

1.5 Direct (Cartesian) production of sets

Let the sets A and B be given. By the Cartesian product of those sets, we
mean the set:

AXB ={(a,b):a€ ANDb € B}.

Example 1.5.1 The sets A={1,2,3} and B={5,6} are given. Find their
Cartesian product.

Solution: From the definition of the Cartesian product, we have:

AxB={(a,b):a€ Anb € B} ={1,2,3} x {5,6}
= {(1,5),(1,6), (2,5), (2,6), (3,5), (3,6)}.

We know that in sets the relation {x,y} = {y, x} is valid. However, this
does not apply to the listed pairs. If we want to specify the order of the
elements in the sets, then, for example, instead of {x,y} we write (x,y)
where x s the first element, y the second element, and (x,y) # (¥, x)
holds, except for when x = y. In this case, (x, y) is called an ordered pair.

For two ordered pairs (a,b) and (c,d), we say that they are mutually
equal if and only if: @ = ¢ and b = d. For A = B, we have A X A = A?,
which is called the Cartesian square of set 4, so that:

A2 = {(x,y)|x,y € A}.



The set {(x,x): x € A} = diag A? is called the diagonal of the square A2.

The Cartesian product is related to the operations U,N,\ by these
equations:

I. AUB)XC=(AXC)U(BXxC();
2. ANB)XC=(AXC)N(BXC);
3. (A\B)XC =(AXC)\BXxC).
Next, we look at one of these relations - the first relationship.

Let it be that:

(x,y) E(AUB)xC >x € (AUB)AyEC=>(x€EAVXEB)AYE
C=(x,y) €(AxC)V (x,y) € (BxC) = (AU B)xC < (AxC) U (BxC).

Here, one relation of inclusion is shown, and analogously, the other
relation of inclusion is also shown, which shows that relation 1 is valid for
the given sets.

The ordered triple (x,y,z) is defined as ((x,y),z). In general, the
associative property of the action does not apply, ie. ((x,¥),z) #
(x, (v, 2)), but, by agreement, it is assumed that:

((x,¥),2) = (x,(¥,2)) = (x,¥,2).
Here, too, we have that:
xy,z)=,y,z2)eox=x,y=y,z=7.
So we have:
AXBXC={(xy,2)|x€Ay€EB,zeC(}.
And in general:
Ay X . X Ay = {(xq, .., %) |x; € A QI 4.

When there is at least one 4; = @,j € {1,...,n} =1, then i, 4; = 0.
If A; = A, forall i, we have the n —th Cartesian power:

AX .. XA=A"
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1.6 Understanding the relationship

Definition 1.6.1 Every subset p € A X B is called a relation defined in
the pair of sets A and B. If (a b) € p, a € A,b € B, we say that a is in
relation p to b.

Instead of (a, b) € p, we denote apb. When B = A, p is called a binary
relation (or a relation of length 2) of set A.

Definition 1.6.2 If p is a relation given in the pair of sets A and B, then
the relation p~! defined in the pair of sets B and 4, is called an inverse
relation, if:

bp~ta @ apborp* ={(b,a):(a,b) € p,a € A, b € B}.

Definition 1.6.3 Let p be the relation given in the pair of sets 4, B, and ¢
the relation in sets B, C. The product of relations p and o, is the relation
p - o, for short pa, given in A, C and it holds that a (po)c (a € A,b € B)
if and only if x € B exists, such that apx and xoc. So,

a(po)ce g (apx) A (xoc).

When the relation p is given in the sets A and B, while ¢ is in the sets
C and D for B # C, the product po cannot be defined.

The equality relation on the set A, which we denote by I, or I for short,
actually consists of the diagonal of A%. Regarding the binary relations
p, o0, T and the relation [ in set 4, the following applies.

Theorem 1.6.4 If p,o and t are relations, then the following identities
apply:

pl = Ip,p(o7) = (po)t, (pa) ' =0~ 'p~".
We note that from the equation
pl =1Ip =p,

which shows that I has the role of the neutral element concerning the
production of relations, it follows that p-p~' =1, for every binary
relation p.



1.7 Equivalence and partial order

We see the binary relation p in the set A # @, which has any of the
following properties:

1° apa,Va € A (reflexive property)

2° apb = bpa,Va,b € A (symmetric property)

3° apb Abpc = apc,Va,b,c € A (transitive property)

4° apb Abpa=a=b,Va,beA (antisymmetric property).

Definition 1.7.1 The binary relation p in the set 4 is called an equivalence
relation or equivalence, if it has the properties 1°, 2°, and 3°. It is marked
with an ~.

The relation ~, defined on the set 4, is related to the decomposition of the
set A into disjointed parts (classes and layers) with empty cuts.

A system S of nonempty subsets of A4, is called a decomposition of A4, if
every element of 4 is found in one and only one class of S.

In other words, the system S consists of classes S, such that:

USe =4, S§¢nSg =@ for a#f and a,f €1, where I is a set of
indices.

Theorem 1.7.2 Every decomposition S defines in A an equivalence and
conversely, every equivalence in A defines an S decomposition of A.

Proof: First, let's see that a decomposition defines an equivalence. For
this, we assume that we have the system of nonempty subsets S,, such
that:

USy =4,5, NS =, for a+p.

We define the binary relation p in the set A in this way: xpy < if x and y
are in the same decomposition class S, Vx,y € Aand a, € I, where l is a
set of indices.

It can be seen that with p an equivalence relation is defined in A. Indeed,
for every a € 4, there is at least one a € [ such that a € S,,. From this, we
see that apa, i.e. the reflexive property, applies. Furthermore, if Vx,y € A,
such that xpy, then 8 € [ is found such that x,y € Sg. From this, y, x € Sg
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(or ypx) holds the symmetric property. Finally, let us assume that x,y,z €
A, such that xpy and ypz, then there is at least one a € I, such that x,y €
Sq and at least one 8 € I, such that y,z € Sg. From these last relations, it
can be seen that S, N S = {b}, which means that S, = Sg or (xpz). With
this, it is shown that p defines an equivalence in A.

Conversely, to show that every equivalence p in A defines a
decomposition, for any € A , we write:

Cy ={x/xpa,x € A}.

The subset C, is called the class of the element a, according to the
equivalence p. We will show that C,; are classes of a decomposition of A.
For each a € A, we have it that apa, since p is an equivalence relation in
A, i.e., it is also reflexive. This means that each element belongs to a class,
so a € C,. With this, we show that A € U,e4 Cy. On the other hand, for
a € Uyea Cy, we have it that at least one y € A is found, so thata € C, <
A. With this, we show that A = U,e4 C,. In the following, we show that:
from C, N C, = @, we will have it that a # b. Indeed, if a = b, then
because a € Cg, it follows that b € C,, namely that C, N C, # @, which
is contrary to the assumption made above. With this, it is shown that the
equivalence classes C, define a decomposition for the set A.

Definition 1.7.3 The set of all equivalence classes ~ in A, which is denoted:
A/ ={C,a € A}
is called the factor-set of A according to ~.

Definition 1.7.4 The relation r, which is reflexive, antisymmetric, and
transitive, is called an order. If the relation r also has the property that for
the two elements a and b of A, arb or bra, then we say that the relation
r is a relation of linear order.

An example of the ordering relation is presented in the set of natural
numbers (and also in the set of integer and rational numbers) where the
relation is smaller (<). This is a relation in the set of natural numbers that
satisfies all three conditions to be a relation of linear order.
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1.8 The meaning of the function
Let the sets A and B and their Cartesian product
AxB={(a, b):a€A, beB}
be given.

We know that in a relation, each element of set A is associated with one, or
several elements of set B. Cases when each element of set A is associated
with only one element of set B lead us to a very important mathematical
concept, that of the function.

Definition 1.8.1 For the subset f of the Cartesian product A X B, we say
that it is a function of set A on set B if the following conditions are met:

1.If (Va € A) it follows that f(a) € B
2.1f (a,b) € f and (a,c) € f then b = c.

In other words, f from A to B is a function if every element of set 4 is
associated with one and only one element of set B.

Symbolically, we denote this as f: A — B. The set A is called the area of
the definition of the function or the domain of the function, while the set B
is called the area of values of the function or the codomain of the function.

We denote the domain of the function in most cases by Dy, and only as D
when the function is known.

The set Ry = f(A), which contains all the elements y € B, and for which
y = f(x) and € A, is called the set of values of the function for the range
of the function f. The range of the function in the general case is the
subset of the codomain of the function.

If we mark the elements of the set A with the variable x, while y is the
elements of the set B, then symbolically we mark:

f
fix o> yorx>yory=f(x),

which is called the analytic form of the function assignment. We call the
variable x the independent variable of the function f or the argument of
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the function f, while we call the variable y the dependent variable of the
function f.

Definition 1.8.2 The function, whose rank is the set of real numbers or a
subset thereof, is called a real-valued function. Moreover, if its domain is
also the set of real numbers, then we call it a real function.

1.9 Ways of giving the function
1.9.1 Graphical method

Let f: A = B be a function defined in set A and in the values in set B, so
that each element x € A is accompanied by an element f(x) € B. Thus,
using some pair of (x, f(x)) we obtain the set of points of the plane:

Gr = {(x, f(x)):x € A}.

Definition 1.9.2 The set G, of all ordered pairs (x, f (x)) is called the
graph of the function f.

Example 1.9.3 Data from June 20, 2019, to June 29, 2019, from the city
of Pristina, as given in a graph:

26c

22¢c &

[20c

20qer.  21qer. 22qer. 23qer. 240er 25qger. 26 qer. 27 ger. 28 aer 29 qger,

We see that a function has been given using this graph because each day
corresponds to a temperature value.
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1.10 Explicit and implicit ways

It is said that the function is given in the explicit form (solved where one
variable is expressed through the other) if its analytical expression is
written in the form:y = f(x), i.e. the variables are separated, as was the
case in the examples:

y=2x+3,y=x,y=ax*+bx+c.
A function is said to be given in implicit (or unresolved) form if:
F(x,y)=0.
For example:
F(x,y)=x3+3xy+y*—3y+2=0.

The transition from the explicit form to the implicit one is always possible.
But the opposite is not always possible. This means that it is not always
possible to solve the equation according to the variables that participate in
that relation.

1.11 Parametric forms of function assignment
The function can also be given in the parametric form.

The variables x and y are expressed through a new variable t using the
equations:

x= x(t)}
y=y@®)

where t is the auxiliary variable, and is called a parameter.

The transition from the parametric form to the explicit, respectively
implicit form, is done by eliminating the parameter.

Example 1.11.1 When the function given in the parametric form

x = cost, y =sint, t € [0,2x],
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by eliminating the parameter t, we obtain
x% +y? = sin®t + cos?t = 1.

Here, x? + y? = 1, representing the canonical equation of the circle with
the center at the origin and radius 1.

In addition to the above representation of functions, there are cases where
the function can be given with more expressions (or with more branches),
such as:

x+1, -1<x<4
={x? —16x + 60
6 7,4<x< 10;

whose graph is:

T T T T
2 g 2 4 vo

1.12 Classification of functions
Power functions:

The function:f(x) = ax™, where a is a constant, while n is any natural
number, is called a power function. Depending on whether n is an even or
odd number, its graph will change.
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Polynomial functions: The form:
fx)=ag+a,-x'+a, x*+az x>+ +a, x"

is a polynomial function.

Forn = 0, we get the constant functions, f(x) = a,, where a, is a constant.

For n =1, we get the linear function (straight lines), f(x) = a, + a,x,
and a, and a, are real numbers, where a; # 0.

The function f: R = R given by f(x) = x,Vx € R, is called an identical
function. Usually, the identical function is denoted by Iy, so in this case,
we have I: R = R. So, the linear function in which we have aq, =
0 and a; = 1is called an identical function.

If n =2, then we get the quadratic function, f(x) = ay + a;x + a,x?,
where ay, a;,and a, are real numbers and a, # 0.

Rational functions (fractional): This is the class of functions obtained by
dividing two polynomial functions by themselves, and it has the general
form:

Flx) = aptarxt+ayx?+azad+tan ™
bo+by-x1+bay-x2+bz-x3+-+bpyx™

Functions:

x+3x2

fx) = 1+2x, gx) = () = o

are rational functions.
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Irrational functions (root): This class consists of functions of:

fe) =g,

where the function g(x) can be one of the functions seen above.

Functions:
fO) =3Va+2; g(x) = 3= r(0) = 1+ Vx2 +3x -2

are irrational functions.

Exponential functions: This class of functions is obtained from the above
classes, but where instead of the argument x we have an exponential
function of the form a* or another similar form.

Functions are given by the expressions:

flx) =4%;g(x) =2% —3:2"+5; r(x)z%;
t(x) =327-3

are exponential functions.

Logarithmic functions: This class of functions is obtained from the
classes above, but where instead of the argument x we have a logarithmic
function of the basic form log, x, or even forms of it.

Functions given by relations:
f(x) =log,x; g(x) = (log,(2x + 1)) — 3-log,(2x + 1) + 3;
r(x) = %; t(x) = /logs(1 +x) — 3
are logarithmic functions.

Trigonometric functions: In this class, we have all the above functions,
but where instead of the argument x we have any of the trigonometric
functions.

Functions:

f(x) = sinx + 2sinx — 1,: g(x) = 3/tan(x + 1)
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are trigonometric functions.

1.13 Certain special functions
Absolute valued function

The function absolute value of the real number x, g(x) = |x|, is defined
by the expression:

x,x=>0
g(x) = x| z{—xx<0'

From the definition, we get |3| = 3, while |-2| = —(—2) = 2. The graph
of this function is:

Proposition 1.13.1 The following properties apply to the absolute value
function:

|la + b| < |al + |b|
la; + ay+...+a,| < |lag| + |ay|+... +]ag]

la—b| < |a| + |b|

la+b| = |a| — |b|
la-b| = |al - |b]
L
bl |b|’

llal = Ibl| < |a - b].

Proof: Next, we will see the proof of any of these absolute value
properties. Let’s start with the first property; for this, we start from the



Set Theory 17

definition of the absolute value, which for a given value a, is defined as
follows: —|a| < a < |a|. Such a relation also applies to the other number
b, i.e., that —|b| < b < |b|. If we put these two relations side-by-side,
then we will get:

—lal = |bl|<a+b<la|l+|b|=>—(a|l+|b]) <a+b<|a|l+|b|=>
la + b| < |a| + |b|.

Analogously, the other relations also apply.
Whole part functions

Another function that is of great use is the integer part function, which is
defined as:

f)=[xl=kkeZif k<x<k+1
From the definition we have:
[1.2] = 1, [2.6] = 2, [-1.1] = —2.
For x € [0,1) we have [x] = 0, for x € [1,2) we have [x] = 1, for x €

[2,3) we have [x] = 2, for x € [-1,0) we have [x] = —1, and so on, so
we will have the graph:

We see that the following properties of the part-integer function also
apply.

Proposition 1.13.2 The following properties hold for the integral part
function:
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[x+1]=[x]+1,VvxeER
[x+n]=[x]+nVxeERNEN
[x] + []S[X+y] [x] +[y]+1

[x+E]= [2x] — [x]

[x]—z[f]=0v1

[g]_[[fj] en
[x]+[x+l]+[x+z]+.. +[x+nn;1]=[nx]

) [ [t 2]

Proof: We look at the first property and then any of the following properties.

For[x]=k,2k<x<k+1/+12k+1<x+1<k+2=>
[x+1]=k+1=[x]+1

In the following, we also see the relation:

[x]+ [y] < [x+y] <[x] +[y] + 1. Let’s mark this with [x] =a and
[y] = b, then from the definition of the function it is assumed that the left
side of this relation is directly seen to be valid, and the right side of this
relation remains to be proved. If we assume that the above numbers are
positive real numbers (proved analogously when the numbers are
negative), then we have these two real possibilities, which can be
presented for the above numbers:

» a<x<a+05a+05<x<a+1
» b<y<b+05b+05<y<b+1.

If we are dealing with the first cases of these numbers, then we get:

vV a<x<a+05Ab<y<b+05=2a+b<x+y<a+b+
1=[x+yl=a+b=[x]+][y] <I[x]+ [yl +1, with which the
relationship was shown.

v If a<x<a+05Ab+05<y<b+1=>a+b+05<x+
y<a+b+15/+405=2>a+b+1<x+y+05<a+b+
1+1=>[x+y+05]=a+b+1=[x]+[y]+1, and this
holds for every real number x and y, ie. that [x +y] <
[x +y+05]=[x]+[y]+1,
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then the relationship as a whole is proven.
Let [2x] =k, where k is even, then by definition we have that:

kS2x<k+1:§Sx<§+§:§Sx<§+1 Here'[x]—

applies, while on the other side, we have it that:

NI::-

x <= + = If we put
these side-by-side we get:

k<k+1< +1<k+1 [+1]—
PAPAEE A A A

From the collection of the last two relations, we obtain:

1 _k k_ _
[x]+[X+§]—E+E—k—[2x].

If k is even, we have the following: [2x] = k. Then we get:

k<2x<k+1= <x<kL1=> + <x+ <= +1<kL1+1

Hence [x + %] = % On the other side, it is assumed that:

k< 2x<k+1 k< k+1 k—1<k< k — 1_|_1
—:>— —_—
x =>I% ic< > > > x < > = [x]

o2
From these relations, we obtain:

l]+[x] =E+k;1=k= [2x].

[x+2 2 2

Sign function (signum function)

The function f: R = R given by

1, if x>0
y=10, ifx=0
-1, if x<0

is called the signum function.
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Characteristic function

Let us assume that we have a set A and the universal set U (this is meant as
the set that contains all other considered sets). Then the characteristic
function of the set A4 is defined by the following relation:

1,xeA

Xa (@) = {O,x cEUNA=4

Proposition 1.13.3 For the characteristic function, the following properties
hold:

xg(x) =0
Xo(x) =1
Xna(®) = 1= xi(®)
Xaue (¥) = x4 (x) - xg (%)

Xang (¥) = x4 () + x5 (x) — x4 (x) - x5 (x)
Xave () = 1= x5 (%) + xaup(x)
a=|Ja=xie@ = mind

iel
A=) = x40 = marl, (.
i€l

Proof: In the following, we will look at any of the above properties,
starting for example with the property )(,’,]\ A(x) =1— xY(x). Indeed,
from the definition of the characteristic function of the set we have:

0,x e U\A _ _{1,er\A

Xg\A(x)z{l,er(U\A) —\A=4 ~ loxe4 =1-Xi 0.

We also look at the case yJ (%) = xJ(x) - x5 (x). We mark this with
f0) = xdup(x), fr(x) = x4 (x) and f,(x) = xg (x).

We show that in each possible case, we get f = f; - f,. To prove this
property, we distinguish the following cases:

I) Let x € A be given, then from the notes above it is obtained that
f1(x) = x¥(x) = 0, which means thataneven f = f; - f, = 0.
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IT) Let us now assume that x & A. Then f;(x) = xJ(x) = 1. On the other
hand since x & A4, i.e. x € B\A € B = f, = 0, we assume that again f =
fi - fo = 0. The same relation is shown to hold when x € B and in the case
when x € B.

II) Let x € (AUB) = f = 0. We see below that f = f; - f, = 0. Indeed
from x € (A U B), we will distinguish the subcases, firstly when x € A and
x¢B=fi =0 and f, =1, from which it is obtained that f = f; - f,. In
the case analogous to this, when x € A and x € B, we will have: f; =1
and f, = 0= f; - f, = 0. In the following, we also distinguish the last case
when x €A andx € B,where f; =0andf, =0=f;-f, =0.

IV) In this case we get that x € (AUB) = x € A A x € B, from which we
getthat f; = 1and f, = 1, respectively f = f; - f, = 1.

Analogously, other properties of the characteristic function are proved.

1.14. Definition area (domain) and
function value area (codomain)

We will examine functions whose domains and codomains are the set of
real numbers R or subsets of the set of real numbers. We call these
functions with a real variable (argument).

From what has been said above, as well as from the definition of the
function, we have it that the domain of a function is the set of all real
values, for which the function has meaning.

Example 1.14.1 Find the area of definition and area of values of the
function

fx) =x?>+4x+6.

Solution: The function f(x) = x? + 4x + 6 is defined for every x € R.
So, D(f) = R, while the codomain is the set of numbers expressed by the
relation: x € [2 o) because the given function can also be written in this
form:

f)=(x+2)?2+2

and the latter is always greater or equal to 2, because (x + 2)? = 0, for
every x € R.
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The domain of any polynomial function is the entire set of real numbers.
So, for the constant, linear, quadratic, cubic, etc. functions, the domain of
definition is the whole set of real numbers R = (—oo, + o0).

Example 1.14.2 Find the domain of the function

x3
9gx) =—.
Solution The given function is rational. The area of definition of these
functions is the set of real values for which the denominator is different
from zero. So in the general case, for

f(.x) — a0+a1'x1+a2'x2+a3-x3+-~-+an-xn

it must be that
bo+byxl+bayx2+bz-x3+-+bpyx™’

bo+ by x*+by-x2+by x>+ -+ by -x™#0.

x3

Therefore the function g(x) = ey is defined for every x € R, except for

x # —2, 1.e. for denominator values other than zero:
D(g) = R\{=2} = (=, -2) U (=2, +0).

Remark The area of definition of rational (fractional) functions is taken
from the set of real numbers excluding the values for which the
denominator of the fraction becomes zero.

Example 1.14.3 Find the function definition area of

) h(x) =v1l—xand 2)r(x) = 3\/;

Solution The given function is an irrational function of the form f(x) =
"V g(x). Regarding the definition area of such functions, we distinguish
two cases:

1) If the indicator of the root n is an odd number, then the area of the
definition of the function f(x), is like the area of the definition of the
function under the sign of the root, i.e. like the area of the definition of the
function g(x), because even if we have negative value within the root, e.g.

3\/—8, we know that /=8 is the real number —2.



