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This book is an essential read for anyone interested in moderntracking technology. This book demystifies the complex world ofmulti-object tracking by focusing on the labeled multi-Bernoullifilter, a cutting-edge tool used in areas like autonomous vehicles,robotics, and surveillance.Written with clarity, the guide breaks down technical conceptsinto easy-to-understand language, making it accessible even tothose with limited technical background. It delves into how thisfilter can accurately track multiple objects simultaneously, a keyability in our increasingly automated world.The book not only covers the theoretical aspects but also offerscomplete coding in MATLAB with examples, demonstrating real-world applications. Whether you’re a professional in the field, astudent, or simply a tech enthusiast, this comprehensive guideprovides a clear understanding of this advanced technology.
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1. Introduction

1.1 Background

The Labeled Multi-Bernoulli (LMB) filter has witnessed sig-nificant advancements and found applications in various multi-object tracking scenarios. The LMB filter was first introduced byReuter et al. [1] after which it emerged as a popular approachfor multi-object tracking, providing effective solutions for varioustracking challenges.Numerous works during recent years have addressed challengessuch as sensor fusion, occlusion, glint noise, distributed tracking,unknown sensor characteristics, and specific application domains,thereby expanding the capabilities and improving the performanceof LMB-based tracking systems. These developments pave theway for more accurate and robust multi-object tracking in diversereal-world scenarios.In the following sections, a number of recent works are presented,with the purpose of motivating the reader and providing exposure
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to various extensions and applications of the filter. Dong et al. [2]developed an LMB filter tailored for multi-target tracking in thepresence of glint noise. Their method effectively handled glintnoise, improving tracking performance for objects affected by glintphenomena.
1.1.1 Variations of LMB filterSaucan et al. [3] proposed the Merged-Measurement LMB (MM-LMB) filter, a variation of the LMB filter designed to handle mergedmeasurements. Their method effectively addressed situations wheremeasurements from different sensors or object detections overlapor merge, improving tracking accuracy and robustness. Li et al. [4]focused on real-time tracking of multiple extended targets us-ing LMB filters within the box-particle framework. Their workcombined the strengths of LMB filters and box-particle filteringtechniques to achieve real-time tracking performance for extendedtargets. Olofsson et al. [5] employed LMB filters for drift icepositioning and tracking in polar region operations. Their workshowcased the effectiveness of LMB filters in challenging environ-mental conditions, providing accurate tracking for drift ice objectsin polar regions.Danzer et al. [6] introduced the Adaptive Labeled Multi-Bernoullifilter, which aimed to enhance target tracking precision. Theiradaptive approach improved the estimation accuracy of targetstates by dynamically adjusting the filter’s parameters based onthe tracking scenario. Herrmann et al. [7] described an extensionto the LMB filter for tracking multiple object reference pointsin urban environments. Their work focused on scenarios wheremultiple reference points needed to be simultaneously tracked,enabling more comprehensive tracking in complex urban settings.Rathnayake et al. [8] proposed a Track-Before-Detect (TBD) LMBfilter for industrial mobile platform safety applications. Theirmethod addressed safety concerns by incorporating track initiationbefore object detection, enabling proactive safety measures inindustrial environments. Dai et al. [9] developed an improved LMB
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filter capable of handling intertarget occlusion in MultiextendedTarget Tracking (METT). Their method effectively addressed thechallenges posed by occluded objects, enabling accurate trackingeven in situations with partial or complete occlusion.Papi et al. [10] proposed a solution for multi-target tracking with su-perpositional measurements using LMB filters and Vo-Vo densities.Their work addressed scenarios with overlapping or superimposedmeasurements, enabling accurate tracking in complex measurementenvironments. Qiu et al. [11] introduced the Multiple Model LMB(MM-LMB) filter, which combined the strengths of multiple modelsfor maneuvering target tracking. Their method improved trackingaccuracy by adapting to target maneuvers using a set of modelhypotheses. Liu et al. [12] proposed a computationally efficientLMB smoother for multi-target tracking. Their method improvedtracking accuracy by incorporating a smoother component, enablingmore accurate estimation of target trajectories. Reuter et al. [13]presented a fast implementation of the LMB filter based on jointprediction and update schemes. Their work focused on improvingcomputational efficiency without compromising tracking accuracy,enabling real-time tracking capabilities.Hao et al. [14] introduced an adaptive multi-target tracking algo-rithm based on LMB filters and variational Bayesian (VB) approx-imation. Their method enhanced tracking performance by adapt-ing to changing tracking scenarios using variational Bayesiantechniques. Wang et al. [15] presented a variational BayesianLMB (VB-LMB) filter for multi-target tracking under unknownsensor characteristics. Their method incorporated variationalBayesian techniques into the LMB filter framework, enablingrobust tracking even in the presence of uncertain sensor charac-teristics. Wang et al. [15] presented an LMB maneuvering targettracking algorithm using a TSK iterative regression multiple model.Their method employed a TSK iterative regression multiple modelto enhance the tracking performance for maneuvering targets, en-abling accurate tracking in dynamic scenarios.Yu et al. [16] addressed the problem of tracking closely spaced
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targets in groups or formations using LMB filters. Their workaimed to enhance the tracking performance for densely clusteredobjects, enabling reliable tracking in scenarios with high targetdensity. Liu and Huang [17] proposed an LMB filter for track-ing maneuvering objects under glint noise within Jump MarkovSystems (JMS). Their method effectively addressed the trackingchallenges posed by glint noise, improving tracking performancefor maneuvering objects. Zhang et al. [18] proposed a heavy-tailednoise-tolerant LMB (TLMB) filter for improved LMB filter per-formance under heavy-tailed non-Gaussian measurement noise.Their method effectively handled measurement noise with heavy-tailed distributions, improving tracking robustness in challengingmeasurement conditions.Lian et al. [19] offered a robust LMB filter for multi-target trackingwith time-varying noise covariances. Their method accounted fortime-varying noise covariances to improve the tracking performancein scenarios with changing environmental conditions. Li et al. [20]presented a leader-follower model for tracking multiple resolv-able group targets using an LMB filter. Their method addressedthe tracking of multiple group targets by incorporating a leader-follower model into the LMB filter framework, enabling accuratetracking of cohesive groups. Wei et al. [21] proposed a robust LMBtracking algorithm based on box particle filtering. Their methodintegrated box particle filtering techniques into the LMB filterframework, enabling robust and accurate tracking in scenarios withcomplex measurement distributions. Jiang et al. [22] addressedstealth maneuvering multi-target tracking using an IMM-LMBfilter. Their work focused on tracking stealthy maneuvering tar-gets by employing an Interacting Multiple Model (IMM) approachwithin the LMB filter framework.
1.1.2 Multi-sensor fusion with LMB filtersKellner et al. [23] proposed efficient approximate formulations ofthe multi-sensor LMB filter for tracking multiple objects. Theirwork aimed to improve computational efficiency while maintain-
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ing tracking accuracy, enabling scalable multi-sensor trackingcapabilities. Gostar et al. [24] introduced an approach for fusingmulti-sensor information in multi-object tracking problems usingLMB filters. Their method addressed the fusion of diverse sensorinputs to improve tracking accuracy and robustness. Chai et al. [25]focused on tackling distributed multi-object tracking in multi-staticradar systems. They proposed a locally run LMB filter frameworkto handle the challenges posed by distributed sensors, enablingefficient and accurate tracking across multiple radar platforms.Shen et al. [26, 27] introduced a consensus-based LMB filter forresource-sensitive distributed sensor networks. Their method ad-dressed resource constraints in distributed sensor networks by in-corporating consensus-based techniques into the LMB filter frame-work. Shen et al. [28] also introduced a consensus-based LMB filterwith adaptive event-triggered communication. Their method em-ployed adaptive event-triggered communication among distributedsensors to enhance the consensus-based LMB filter’s performancein resource-constrained environments. Zhang et al. [28] proposeda consensus-based LMB filter for distributed multi-target trackingusing a bounded threshold function. Their method addressed dis-tributed multi-target tracking challenges by employing a boundedthreshold function to facilitate consensus among distributed sen-sors. Gao et al. [29] presented a framework for multi-target trackingwith multi-detection systems. Their work focused on integratingmultidetection systems to improve the tracking performance incomplex environments with diverse detection sources.
1.1.3 LMB filter for specific applicationsHuang et al. [30] introduced the Joint Probabilistic HypergraphMatching LMB (JPHGM-LMB) filter, designed for rigid targettracking. Their work incorporated hypergraph matching techniquesto enhance the tracking performance for rigid objects. Li et al. [31]addressed multi-source direction-of-arrival (DOA) tracking usingLMB filters. Their work focused on estimating the DOA of multiplesources using LMB filters, enabling accurate source localization in
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diverse environments. Liu et al. [32] proposed an improved MaskRCNN and LMB algorithm for target detection and tracking. Theirmethod combined object detection using Mask RCNN with LMBfiltering, enabling accurate detection and tracking of objects incomplex scenes.Zhu et al. [33] addressed multi-object joint detection and track-ing using LMB filters and image observations from multiple sen-sors. Their work focused on integrating information from multi-ple sensors to improve joint detection and tracking performance.Zhang et al. [34] presented a multi-AUV bearings-only multi-targettracking method based on the fast LMB filter, enabling accuratetracking in underwater environments. Deusch et al. [35] proposeda Rao-Blackwellized implementation of the LMB-SLAM filter forsimultaneous localization and mapping (SLAM). Their work focusedon integrating SLAM capabilities into the LMB filter framework,enabling joint tracking and mapping in complex environments.Dai et al. [36] focused on multi-vehicle tracking with inter-targetocclusion using a corner tracking algorithm based on the LMBfilter. Their work addressed the challenges of occlusion in multi-vehicle tracking scenarios, enabling accurate tracking even whenobjects are partially occluded. Yu and Ye [37] proposed a methodfor generating reference data for multiple extended object trackingin the evaluation of autonomous driving systems. Their method pro-vided a benchmarking approach for evaluating the performance ofautonomous driving systems in tracking multiple extended objects.Ishtiaq et al. [38] explored an interaction-aware LMB filter forvehicle tracking. Their work focused on capturing the interac-tions between vehicles and incorporating them into the LMB filterframework, enabling more accurate tracking of interacting vehicles.Cao et al. [39] developed an LMB filter for tracking multiple weaktargets in marine radar. Their work focused on enhancing thetracking performance for weak targets in marine radar scenarios,enabling reliable tracking in challenging maritime environments.Yang et al. [40] presented a road-map aided GMLMB filter for



1.2 The Problem of Interest 7

ground multi-target tracking. Their method incorporated road-mapinformation to improve ground multi-target tracking performance,enabling accurate tracking in road-based scenarios.
1.2 The Problem of InterestState estimation is a fundamental problem in many technology ap-plications, including power systems, robotics, autonomous vehicles,aerospace systems, industrial process control, and environmentalmonitoring. In power systems, state estimation is used to estimatethe current state of the system, including voltage magnitudes andangles, power flows, and line currents, which are crucial for moni-toring and controlling the power grid. In robotics, state estimationis used to estimate the position, orientation, and velocity of a robotin its environment, which is essential for navigation, mapping, andlocalization tasks. Similarly, in autonomous vehicles, state es-timation is used to estimate the vehicle’s position, velocity, andorientation relative to its surroundings, which is crucial for safeand efficient navigation. In aerospace systems, such as aircraftand spacecraft, state estimation is used to estimate the vehicle’sposition, velocity, and attitude, which is vital for navigation, guid-ance, and control. In industrial process control, state estimationis used to estimate the current state variables of a process, suchas temperature, pressure, and flow rates, which is used for mon-itoring and optimizing the process. In environmental monitoringsystems, state estimation is used to estimate the state variables ofthe environment, such as temperature, humidity, air quality, andpollutant concentrations, which is crucial for understanding andmanaging environmental conditions.The mathematical framework for state estimation typically involvesthe use of probabilistic models, such as State Space Models(SSMs) or Hidden Markov Models (HMMs). These models rep-resent the dynamic system using a set of differential equationsand latent states that are associated with the observed data. Theobjective of state estimation is to estimate the optimal latent states
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given the observed data and the knowledge encapsulated withinthe system equations. In the case of linear and Gaussian systems,the Kalman filter is commonly used for state estimation. TheKalman filter is an optimal recursive estimator that estimates thestate of a linear dynamic system given noisy measurements. Itcombines the predictions from the system model with the measure-ments to provide an optimal estimate of the current state. Fornon-linear and non-Gaussian systems, particle filtering methods,such as sequential importance sampling or particle filtering, areoften used. These methods approximate the posterior distributionof the latent states by sampling a set of particles and updatingtheir weights based on the likelihood of the measurements.The above filters are all examples of a single-object Bayesianfilter, in which from time k − 1 to k , the object’s state vectorchanges from xk−1 to xk according to a statistical model (alsocalled motion model). The motion model encapsulates variousuncertainties involved in state transition. For instance, if theobject is a vehicle on the road, and its state is its location, speedand orientation on the 2D road plane, the motion model shouldencapsulate information such as the fact that next location ofthe vehicle is most likely on the direction of speed vector. Suchinformation are not part of the measurement process but in thefabric of the nature of the application. The motion model is usedin the prediction step of the filter.After prediction, the measurement acquired by the sensor at time
k , denoted by zk , is used along with another statistical modelcalled the object likelihood, that encapsulates uncertainties in themeasurement (see Figure 1.1. The likelihood function is used inthe second step of the filter, called the update step to refine thepredicted density of the object’s state. In such filters, it is thestate density that is propagated from each time to the next via theprediction then update steps.The difficulty increases substantially when there are multiplepotential objects with their states being estimated. This situationis particularly prominent in radar multi-target tracking, which
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Figure 1.1: Evolution of object’s state and measurement in their spaces.

is a widely recognized application that requires solving such aproblem. In this context, targets can enter and leave the radar’sfield-of-view unpredictably, and the measurements derived fromprocessing the radar scan, known as point detections, may containfalse alarms. Additionally, it is possible that some targets may goundetected. Notably, both the multi-object state and the multi-object measurement comprise sets of vectors, and the number ofelements in these sets can vary randomly over time.In Figure 1.2, we can observe a basic scenario in which thereare 4 objects and 6 sensor detections at time k − 1. Some ofthese detections may correspond to the 4 objects, while othersmay be false alarms. As we transition to time k , one of the 4objects is no longer present, and the remaining 3 objects havechanged their positions in the state space. At this time step,the sensor provides 4 detections, with a similar combination ofassociations between some of the detections and the 3 existingobjects, alongside additional false alarms. Note that the figuredisplays multi-object states, represented as capital letter Xk−1 and
Xk , which are each a set of multiple individual single-object states.Similarly, the multi-object measurements, denoted as capital letter
Zk−1 and Zk , are each a set composed of multiple individualdetections.
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The multi-object estimation/tracking problem is not limited toradar. In computer Vision, object tracking in video surveillance,autonomous driving, and augmented reality applications requiresaccurately tracking multiple objects simultaneously. In robotics,multi-robot systems, such as swarm robotics or collaborativerobotics, often require tracking multiple targets to coordinate theiractions and achieve collective objectives. Even in social Behavioranalysis, tracking individuals or groups in crowded scenes can helpanalyze social dynamics, crowd behavior, and pedestrian movementpatterns in areas like public spaces, stadiums, or transportationhubs. In medical imaging applications, multi-target tracking isutilized for tracking multiple anatomical structures or lesions overtime, aiding in diagnosis, treatment planning, and monitoring ofdiseases. In traffic surveillance, monitoring and tracking multiplevehicles helps in traffic management, congestion detection, andincident analysis.
1.2.1 Distinction between state localization and tracking:

the importance of labelsIn the conventional state space model, the terms “state estima-tion”and “tracking”are often used interchangeably because they
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both involve estimating the trajectory of a single object. Consis-tent with this terminology, the terms “multi-object state estimation”and “multi-object tracking” should both refer to the estimationof trajectories for multiple objects, and are hence referred to as“multi-object estimation” here.To distinguish the task of solely estimating the states of multipleobjects without considering trajectory information, we use theterm “multi-object localization”. It is important to note that unlikesingle-object systems, the historical states of multiple objectsdo not necessarily represent their respective trajectories—SeeFigure 1.3(a) and (b). As a result, it may not be possible toachieve multi-object estimation through filtering methods.To effectively represent multiple objects in a manner that simulatessingle-object systems, it is essential to ensure that the state historyaccurately reflects the trajectory. This is achieved by introducingdistinct labels or provisional identities to each object state, asdepicted in Figure 1.3(c). The inclusion of labels in the multi-object representation is pivotal as it enables the utilization offiltering techniques for multi-object estimation. By associating aunique label with each object state, it becomes possible to trackand estimate the behavior of multiple objects simultaneously. Thisapproach allows for the estimation of object trajectories and theirrespective states over time.Without the use of labels, even if it is feasible to estimate segmentsof the trajectories within shorter moving windows, a significantchallenge arises when attempting to link these trajectories fromone window to another. In the absence of proper labeling, thereis no mechanism for establishing correspondences or connectionsbetween object states across different windows. As a result, multi-object estimation can only be performed within a window thatgrows with time, making it computationally infeasible, even for asingle trajectory. Employing a labeled multi-object representationensures that the state history accurately captures the trajectory ofmultiple objects. This facilitates the application of filtering tech-niques for multi-object estimation and overcomes the limitations
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Figure 1.3: (a) The multi-object states do not convey any trajectory
information. Indeed, the trajectories are what are shown in (b). With
labeled multi-object states and trajectories in (c), the single-object
states are augmented with labels (colors), and when the filter estimates
those as part of the state, trajectories are automatically obtained.

associated with tracking objects across consecutive windows. Byincorporating distinct labels, the representation allows for moreefficient and comprehensive analysis of multiple objects in variousapplications.
1.3 The Labeled Random Finite Set FiltersMulti-object tracking (MOT) is an intricate task due to variousfactors such as false alarms, miss-detections, and uncertaintiesassociated with data association. Unlike its single-object coun-terpart, MOT poses significantly greater challenges [41, 42, 43].Over time, researchers have developed numerous solutions to ad-dress MOT, primarily based on three main approaches: MultipleHypothesis Tracking (MHT), Joint Probabilistic Data Association(JPDA), and Random Finite Set (RFS) [41, 42, 43]. For a conciseoverview, one can also refer to [44]. It is worth noting that whileMOT involves tracking a finite set of objects, only the RFS ap-
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proach treats the multi-object state as a finite set. In other words,RFS considers the collective state of multiple objects rather thantreating them individually. This key distinction makes the RFS ap-proach particularly well-suited for the complexities of multi-objecttracking.Mahler’s groundbreaking article on the Random Finite Set (RFS)framework and the Probability Hypothesis Density (PHD) filterwas published two decades ago [45]. However, it is importantto note that the PHD filter, as originally formulated, primarilyfocused on multi-object localization, requiring additional heuristicsto generate trajectory estimates [46, pp. 505-508]. Despite thislimitation, the PHD filter gained immense popularity and becamesynonymous with the RFS framework. Unfortunately, its inabilityto handle trajectories necessary for multi-object estimation wasmistakenly attributed to the overall framework.Contrary to this misconception, Mahler had already proposed anRFS formulation for multi-object estimation back in 1997. Heintroduced the concept of augmenting distinct labels to individualstates to represent trajectories [47, pp. 135, 196-197]. Thislabeled multi-object representation proves to be the appropriateapproach for multi-object estimation. However, at the time, itwas considered computationally impractical and was eventuallyabandoned in favor of the unlabeled representation that enabledtractable approximations like the PHD filter.Nevertheless, the PHD filter served as a catalyst for a new re-search area, leading to the development of a comprehensive setof analytical and numerical tools designed specifically for multi-object systems. These tools have significantly advanced the field ofmulti-object estimation, offering various techniques to address thechallenges posed by complex scenarios involving multiple objects.The concept of labeled Random Finite Set (RFS) theory wasintroduced by Vo et al. [48], who developed the Generalized LabeledMulti-Bernoulli (GLMB) filter. This innovative filtering techniquewas specifically designed to handle a vast number of trajectories,
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demonstrating its capability to manage scenarios involving over amillion trajectories [48].Building upon the GLMB filter, Reuter et al. [1] introduced aspecialized variant known as the Labeled Multi-Bernoulli (LMB)filter in 2014. The introduction of the GLMB and LMB filtershas significantly advanced the field of multi-object estimation.These filters have proven to be powerful tools in handling complexsituations with a large number of trajectories, enabling moreaccurate and reliable estimations in various real-world applications.Their development has contributed to the continual progress of thelabeled RFS theory and its practical implementation in multi-objecttracking and estimation systems.The LMB filter provides enhanced computational efficiency whenaccurate trajectory estimation is essential. As previously stated,the LMB filter has found widespread use across various applica-tions, and its intuitive and straightforward structure has led to thedevelopment of numerous application-specific variations.
1.4 Who Is This Book for?This book is meticulously designed as an exhaustive guide thatpaves the way to understanding the Labeled Multi-Bernoulli (LMB)filters, presenting a lucid approach to both grasping and imple-menting solutions based on this profound concept. The LMB filter,with its effortless structure and user-friendly design, is distinctivedue to its ability to model the existence and state statistics ofindividual objects independently. This remarkable feature hasrendered it a favorite tool among global researchers who have suc-cessfully applied it across a range of applications, often requiringminimal customization.A successful engagement with this book only necessitates a basicfamiliarity with probability theory and a working knowledge ofMATLAB coding. This deliberate minimal prerequisite design isaimed to make this book accessible and an ideal starting point forboth burgeoning and established researchers as well as practition-
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ers who have set their sights on exploring the uncharted territoriesof multi-target tracking or multi-sensor fusion applications usingthe LMB filter.The book has been thoughtfully structured in a progressive formatto ensure that the readers are not overwhelmed but instead gradu-ally led towards mastering the topic. The journey commences withChapter 2, which lays the groundwork by introducing the rudi-mentary yet critical concept of particle approximation of densities.It also acquaints readers with the bedrock of particle filters andmotion models, setting the stage for the more advanced topics thatfollow.Moving on to Chapter 3, it delves into the complex world of multi-object systems. Here, readers will find a thorough explanation ofhow these systems are parametrically modeled, providing themwith a comprehensive understanding of the underlying mechanics.Chapter 4 then marks the culmination of this journey, focusingentirely on the LMB filter. Here, readers are introduced to thebasic theoretical framework that underpins the LMB filter, followedby a detailed walk-through of the relevant code. This approach isaimed at ensuring that the readers are not only acquainted withthe theory but also gain practical exposure by understanding howthe theory translates into code, enhancing their ability to applythe knowledge in a real-world setting.An additional feature of this book is the accompanying code,provided for readers to download and try their hands on. Thisunique inclusion serves the dual purpose of bridging the gapbetween theory and practice and allowing readers to cement theirunderstanding through actual experimentation, thereby providinga holistic learning experience.




