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1 Foreword

Our usual, common world is made of bodies, or parts of bodies, con-
sisting of many identical particles. By "many" we understand an
infinite number of particles, occupying practically an infinite volume,
as in macroscopic samples of matter. We call these ensembles of par-
ticles many-particle, or many-body "systems". In some particular
cases, like the atomic nuclei, finite-size effects are important. Also,
systems with low dimensions, like two-, or one-dimensional systems,
require a particular treatment; in particular, such systems lie usually
on substrates.

We may have a clear representation of independent particles, or waves
at the quantum mechanical level, but such a representation is blurred
out when interaction is present. We leave aside exactly soluble in-
teracting models, which are reduced to independent particles. The
genuine effects of the interaction destroy, in fact, the concept of inde-
pendent particles. The interaction may be viewed as an uncertainty in
the behaviour of independent particles. Apart from interaction effects,
the situation is complicated by temperature effects. Usually, we need
to solve first for the interaction effects, to some approximation, and
then do the thermodynamics, i.e. the statistical physics, for the quasi-
independent particles, waves, obtained by solving the interaction. The
central concept of the statistical mechanics is the independent, iden-
tical subsystems. If the temperature is sufficiently high, the systems
behave classically, like solids, liquids, gases, etc, and the residual ef-
fects of the interaction are small. If the interaction prevails, as for
low temperature, the systems are quantum-mechanical. We seldom
have a knowledge of their ground-states, but what matters are their
low-lying excited states, which are the elementary excitations (either
one-particle, or collective, or more complex). We owe this observa-
tion to Landau. In some special cases, the nature of the quantum-
mechanical ground-state at low temperatures may change drastically,
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as a result of the interaction, by quantum-mechanical effects, like in
superconductivity, or superfluidity, or ferromagnetism. Then we are
in the presence of some phase transitions, and the elementary excita-
tions become more relevant. The concept of elementary excitations
can be extended to classical systems.

Without going too deep into the structure of matter, the bodies are
made of atoms and electrons. The atoms are either fermions, or
bosons, depending on their integer or half-integer spins. The elec-
trons have a one-half spin, so they are fermions.

An example of bosons is the He* atoms. At sufficiently low temper-
atures these atoms condense in a macroscopic quantum-mechanical
state, undergoing a phase transition towards a superfluid state; this
state is related to the Bose-Einstein condensation. There exist excited
states with respect to this ground-state, some are collective excitations
(like sound waves), others are particle-like excitations (called rotons);
the properties of these elementary excitations are governed by the
interaction (which should be repulsive, for stability). At higher tem-
peratures, the ensemble becomes normal, and tends to a classical gas
of (weakly) interacting atoms.

Examples of fermion systems are atoms of He?, nucleons in the atomic
nuclei and electrons in solids. The fermions with an attractive inter-
action are unstable; they form bound states of the so-called Cooper
pairs, which behave like bosons, to a large extent. The condensed
state of pairs in He? at very low temperature gives the superfluidity
of this quantum-mechanical liquid, while for electrons in solids this
state leads to superconductivity. Nucleon pairing is also known in
the atomic nuclei, where higher-order particle correlations may also
lead to a four-fermion condensate.! The condensed phase is charac-
terized by an "order parameter". Collective elementary excitations of
the condensed phase exist (known as phasons and amplitudons of the
order parameter), as well as one-particle excitations.

In solids, the electron-phonon interaction may provide an attractive
force between the electrons, leading to superconductivity. The same
interaction may lead to a condensed state of electron-hole pairs, if the
Fermi surface has parallel segments, as, for instance in one-dimensional

1See, for example, M. Apostol, "Four-fermion condensate", Phys. Lett. A110
141 (1985).
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systems; in this case we have a charge-, or spin-density wave.2 The
phonons introduce a new type of interaction, carried out by definite
quanta. It is similar to the electron-photon interaction in matter.
Other types of interacting particles are known, for example the inter-
action of the magnetic moments, which leads to elementary excitations
known as magnons.

The effects of the interaction in many-body systems are treated by the
perturbation theory. This theory is formulated most conveniently in
terms of Green functions, or propagators, by analogy with the quan-
tum electrodynamics. A propagator is the probability amplitude of
having a state contained in another state. It is related to correla-
tion functions and the response functions to an external perturba-
tion. The great advantage of this technique is a formal summation
of the effects, by what is known as the Dyson equations, made pos-
sible by Feynman’s diagrammatic representation of the propagators
and the interaction. The summations lead to formulae which look
like characteristic geometric-series formulae, exhibiting a pole struc-
ture. By analogy with the free-particle propagators these poles may
be interpreted as particle (or wave) states, interaction effects included,
either one-particle or collective. This way, we can answer the ques-
tion of what the interaction effects are. The basic technique is the
zero-temperature Green functions, though Green functions at non-
zero temperature are also known. The latter are used especially for
the phase transitions towards condensed states, though their formal-
ism is inconvenient, in comparison with other, more direct approaches,
like canonical transformations, equations of motion, the spectrum of
the elementary excitations or the Ginsburg-Landau equations. All
these techniques are exhaustively presented in:

L. D. Landau and E. M. Lifshitz, Course of Theoretical Physics, vol. 9
(E. M. Lifshitz and L. P. Pitaevskii, Statistical Physics, Part 2, Theory
of the Condensed State), Pergamon, Oxford (1980); A. A. Abrikosov,
L. P. Gorkov and I. Ye. Dzialoshinskii, Quantum Field Theoretical
Methods in Statistical Physics, Pergamon, Oxford (1965); S. Raimes,
Many-Electron Theory, North-Holland, NY (1972); A. L. Fetter and

2M. Apostol and I. Baldea, "On the charge density wave state in the quasi-one-
dimensional compound K3[Pt(CN)4]Bro.z X 3.2H20 (KCP)", Rev. Roum.
Phys. 30 605 (1985).
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J. D. Walecka, Quantum Theory of Many-Particle Systems, McGraw-
Hill, NY (1971); G. D. Mahan, Many-Particle Physics, Kluwer, NY
(1981); H. Bruus and K. Flensberg, Many-body Quantum Theory in
Condensed Matter Physics, Oxford University Press, Oxford (2004);
G. Rickayzen, Green Functions and Condensed Matter, Dover, NY
(2013); Ph. Nozieres, Theory of Interacting Fermi Systems, Westview,
NY (1964); D. Pines and Ph. Nozieres, The Theory of Quantum
Liquids, vol. 1, Benjamin, NY (1966); Ph. Nozieres and D. Pines,
The Theory of Quantum Liquids, vol.2, Westview, NY (1990).

For phase transitions with condensed states like superfluidity, or su-
perconductivity, the interaction effects are comparatively easier to be
derived, because the characteristics of the problem are more definite.
The situation is more complicate for the so-called normal Fermi lig-
uids, 7.e. fermions with repulsive interaction which do not suffer a
phase transition. The most known examples in this case are the elec-
trons in solids, or the He® atoms slightly above the critical temper-
ature of superfluidity. At first sight we may expect weak interaction
effects, but it is difficult to maintain such an assertion when the in-
teraction is strong, like the Coulomb interaction. The Coulomb inter-
action is not only a long-range interaction, it is also singular at short
distances, which introduces further difficulties. In solids, where posi-
tive ions are present, the electrons screen out the ionic Coulomb inter-
action, an effect which may lead to the cohesion of matter.? But even
if the positive ionic background may ensure stability, the electron-
electron interaction, albeit screened, is still strong and it may have
long-range effects. The solution to this problem has been provided by
Landau’s theory of the Fermi liquid. The fermions suffer the interac-
tion effects according to their wavelength, i.e. they feel the Fourier
transform V' (p) of the interaction, where p is the fermion momentum.
It follows that the fermions placed at the Fermi surface feel a weaker
interaction V(pr), if the Fermi wavevector pr is sufficiently large, i.e.
we are in the high-density limit.* This interaction effect is a blur

3L. C. Cune and M. Apostol, "Ground-state energy and geometric magic numbers
for homo-atomic metallic clusters", Phys. Lett. A273 117 (2000). See also M.
Apostol, Physical Kinetics, Cambridge Scholars Publishing, Newcastle upon
Tyne (2020).

4The dilute limit of the fermion systems is simply an application of the pertur-
bation theory.
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of the Fermi surface, which means a small change of the occupation
number of the sharp Fermi surface. Consequently, we have a quasi-
particle spectrum of the Fermi surface, where the interaction effects
are localized. The free-particle properties, like mass, magnetic suscep-
tibility, density excitations, are modified by small interaction effects,
incorporated in interaction functions, which remain phenomenologi-
cal. It would be desirable to derive these functions from the original
interaction. This is the main task of the present book. The first eight
chapters of the book deal with the formal Green-function theory of
interacting fermions. The rest of the chapters deal with the Landau
theory of the normal Fermi liquid. The effect of the screened inter-
action in the high-density limit is much larger than the temperature
effects, because the liquid is in the so-called degenerate state in this
case, such that we may compute the temperature effects by using the
quasiparticle picture.






2 Second Quantization

2.1 Quantum states

We consider an ensemble of interacting identical particles. We prefer
to denote by x the continuous position vector r, or «, for a particle
in space. We denote by the ket vector | > the quantum-mechanical
state x. We say that the scalar product < 2’ | x > with the bra vector
< x| is the "wavefunction" x of variable z’, defined by

<z'|x>=6(z" —2x); (2.1)
we say that the state vectors are orthogonal. Moreover, since

<z’ |z >= [dys(z’' —y)i(y —z) =

(2.2)
=[dy<a'|y><ylz>,
we say that the set of state vectors is "complete", i.e.
[anly><yl=1. (23)

and the wavefunctions are orthogonal. Equation (2.2) tells that any
wavefunction can be expanded in the set of wavefunctions,

<x’|x>:/dyny<x’|y>, (2.4)

where Cy, =< y | * >. This would be the superposition principle of
the quantum mechanics. Also, since |< 2’ | 2 >|? d2’ should be the
localization probability, we need to add a factor \/v to § in equation
(2.1), where v is a small volume around z (and §(0) = 1/v).
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On the other hand we have

1 -
r_ _ - ik(z'—x)
o(z —x) = v Z e , (2.5)
k
where k stands for a wavevector k; we prefer to use cyclic boundary
2

conditions over the volume V, i.e. k, = Mg, Ng any integer, etc.
Since

1 ... 1 )

<2 |z >= —— etk etk 2.6
S S 26)

we have the states | k > and the wavefunctions

1
<z|k>=—=et 2.7
| Vi (2.7)
such that

<a'le>=) <o |k><k|z> (2.8)

k

and the states k are complete (3, | k >< k |= 1) and orthogonal
(k" | K >= dkir). The wavefunction < x | k > given by equation (2.7)
is the state k as a function of the variable x, with the localization
probability dx/V.

We can add the spin o, both as a variable and a state label, by using
tensorial products like | zo >=| & >| o0 >, etc; o represents the
values of the spin along a control axis, say the z-axis. Also, we can
introduce many-particle states, like | z1xs2... >=| 1 >| 2 > ..., by
using tensorial products.

The whole machinery described above was introduced by Dirac.?

2.2 Field operators

Let the particles be fermions. The state | k > represents a particle
(with wavevector k). According to Pauli’s exclusion principle, only one
such state is admitted. Then, we introduce the "creation" operator

| 0>=|k>, (2.9)

1P. A. M. Dirac, The Principles of Quantum Mechanics, Clarendon Press, Oxford
(1930, 1934, 1947).
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where | 0 > is the vacuum state. Similarly, we have an "annihilation"
("destruction") operator

ek | k>=]0> . (2.10)

Since a two-particle state | kk’ > is antisymmetric with respect to the
permutation of the two particles, we must have the anticommutation
relations

{ci ey =cicy + e, =0, {cp,enw} = e +cwer =0, (2.11)

Each time when an operator ¢* (¢) passes over another operator ¢*

(¢) we get a factor —1. This is known as the Jordan-Wigner factor
(_1)JW
Similarly,
cye1 |10 >=[01 >, ¢1¢5 |10 >=— |01 > (2.12)
such that
{ciy e} = crenr + cprcy, = Oprr (2.13)

indeed, ny = cjcy, is the number of particles in state k£ (occupation
number) and cxc; = 1 — ng is the number of "holes" in that state.
We note that instead of k£ we may use 1, on various positions 1,2, 3...
which one-particle state can take in the multiparticle state.

The field operators are defined by
Y(x) \/_ che , *( \/_ Zc* —ika (2.14)
with the (anti)commutation relations
{¢(2), (")} =0, {o*(2), v ()} =0,
{t(z),9" (@)} = 6(x —2") .

We use to say that such commutation relations define a "second quan-
tization".

The state | > is defined as

(2.15)

|z >=¢*(x) | 0> ; (2.16)
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X X
W) Wl vl TMEN)
X X
V(x-x’) a Vaowe x=X)
TN AN e NN e
X X’ X 0 x’o’

Figure 2.1: Particle and interaction lines.

we can see that it is a superposition of states | k >, such that
<2 |z>=<0]9¢@@)*(z) |0 >=4§" —=x) , (2.17)

as in the definition (2.1). Similarly, a two-particle state | 122 > is

| T1To >= *(Jﬁl)w*(ﬂﬁg) | 0> (218)

1
V2!
and

< xhal | zme >=
= 31 <O | (ah)p(a))y (w1)¢* (z2) | 0 >= (2.19)

= 3[0(z} — 21)d(h — 22) — (2] — 22)d(2h — 1)) ;

the second row in this equation is obtained by using the (anti)com-
mutation relations. Similar definitions can be given for multi-particle
states, whose wavefunctions are the so-called Slater determinants.
The great simplification brought by the second quantization is the re-
placement of the symmetrized wavefunctions by the (anti)commutation
relations between field operators.

Creation and destruction operators can also be introduced for bosons;
only that a one particle state for bosons may have an indefinite number
n of particles; we get

a"0>=v(n+D!'n+1>,a" |n>=vVn+1|n+1> (2.20)

10
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and
a"|n>=vnl|0>, aln>=vn|n—1> (2.21)

for one state. Since the two-particle wavefunction is symmetric, we
get the commutation relations

lak, aj] = ajai, — ajai, =0,
lak, ar] = arar — awar =0, (2.22)

[ak? a‘;;/] = akaZ/ — a,@ak = 5kk’
and
[(@),¥(a)] =0, [ (z),¢"(2")] =0
(), 4 (') = 8z — o)

for field operators defined by equations (2.14) with the ¢’s replaced
by a’s. The occupation number is ny = ajar (ng | n >=n|n>).

(2.23)

Second-quantization operators can be introduced for any set of single-
particle states, spin included. The operators will carry then a spin
label. Though most part of the formalism is the same for fermions and
bosons, henceforth our identical particles will be fermions. The second
quantization was introduced by Dirac? and Jordan and Wigner?.

2.3 One- and two-particle operators

Let us examine the operator
1 -y
() = 0" @)(a) = 5> S chewe®HT L (201)
kk/

We can see that the operator

N = /dmp(m) = zk:nk (2.25)

2P. A. M. Dirac, "The quantum theory of the emission and absorption of radia-
tion", Proc. Roy. Soc. London A114 243 (1927).

3P. Jordan and E. P. Wigner, "Ueber das Paulische Aequivalenzverbot", Z.
Physik 47 631 (1928).

11
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gives the number of particles N when applied on any state with N
particles. Therefore, p(z) is the particle-density operator. It follows
that any one-particle operator

01 = Z 01 (J)z) (226)
can be written as
01 = [ dov* @)Os(z)u(a) : (2.27)

it is important to put O(x) between the field operators in order to
allow it to act upon the wavefunctions (x | k >. In particular, the
density

plz) = Z 6z — ;) (2.28)

becomes p(z) given by equation (2.24). Similarly, pp(z) = ¥(z)v*(x)
is the hole density. Also, the spin density

o(zx) = Z $2i0(x — x;) (2.29)

becomes

o(x) = 9" (2)s:9(x) = Y o (@)ys (@) | (2.30)

g

where we represent the 1 as a column vector with spin components and
the 1* as a line vector with spin components. p,(x) = ¥k (z)1)s(x) is
the spin-component density.

We can check that O given by equation (2.27), when applied to any
vector with N particles,

04 | T1T2... >=

= o [ dey* (2)O1(2)(2)¢* (21) 9" (22)... | 0 >=

4

1 (2.31)
= Un [ dxOq (21)¢* (x1)* (x2)... | 0> —

— A [ Ay (2) 0 (@)™ (1) () (2)... | 0 >= ..,

12
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W) )

L axax’
ey 25 e
eF ) Wi x)
§ a Voo,a'a” (X=X7) ¢ a

%2 S dxdx’ a’

aw oo’ Yo ()

Yy (%)

Figure 2.2: Interaction diagrams.

gives the operator in equation (2.26) applied to that state.

Similarly, a two-particle operator

Oz = % > Os(wi =) (2.32)
7]
can be written as
Oy = %/dmdx/w*(x)¢*(x/)02(x N xl)w(xl)ﬂ)(x) 7 (2.33)

where we see that the "ultraviolet" contributions O3 (0) are excluded.
If spin is included, we have

0y = %Za(y’aa’ fd:L’diL'/

W5 (2)n, (x/)OQ(M,a’U’ (x —2")Por (2" )tho ()

An interaction operator is a two-particle operator. The particle iden-
tity requires

(2.34)

OQO{U,O{’J’ = OQ(y’a’,aa 3 (235)
the spin reversal symmetry requires

Oan’,a’a’ =0 (236)

2a0,a/0’

13
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where the upper bars indicate the reversed spins; and the spin con-
servation requires ¢ + o’/ = o + o’; which means that the interaction
carries a spin 3, such that « = 0+ and o’ = ¢/ — 3. A general form
of spin-dependent interaction is

O200,000' (@ —2') = V(2= 2")000l0ror + U(x — )0 000 0o, (2.37)

where o, o are spin operators.

Following Feynman, we attach particle lines and interaction lines to
the field operators and the interaction, as shown in Fig. 2.1; the
interaction diagrams are shown in Fig. 2.2.4

2.4 Interacting fermions

The kinetic hamiltonian of free fermions with mass m

Hy = ' (2.38)

is
h2
Hy = Z (—%Ai> , (2.39)

where % (~ 107%*7erg - s) is Planck’s constant and p = —ihgrad is
the one-particle momentum. The wavefunctions are the plane waves
1

We”“, the states are labelled by the wavevector k (and spin), where

p = hk is the momentum. The one-particle energy is e = h?k?/2m,
the ground-state is the Fermi see, filled up to the Fermi wavevector
kr, given by the number of particles

2V ke 1%
N=2) 1=——"_ = —k3 2.4
zk: (27r)3/0 dk 32 W (2:40)

4R. P. Feynman, "The theory of positrons", Phys. Rev. 76 749 (1949); "Space-
time approach to quantum electrodynamics", ibid. 769 (1949): "wouldn’t it
be funny if these diagrams were to become really useful...?".

14
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where V' is the volume and we take the spin 1/2. In the second
quantization the kinetic (free) hamiltonian reads

Hy = /dmp (——A ) ba) =Y excion - (2.41)
k

The particle number is given by

N = /dmw*(x)w(x) = Zchk ; (2.42)
k

it commutes with the free hamiltonian.
It is customary to introduce the inter-particle spacing a (a ~ 1/kp),
through V- 4” a® =V, and to measure it in Bohr radii ay = h%/me? ~
0.53A, where e = —4.8 x 107 Ysu is the electron charge and m ~
10*27g is the electron mass (A ~ 10~2erg-s), such that a = agrs and
krp = (97/4)Y/3 /rsap. We get the ground-state (kinetic) energy per
particle g, ~ 2.21/r2 (ry), where the rydberg is 1ry = €?/2ay ~
13.6eV.
The interaction can be written as
Hy = 5 [ deda'y* (@) (2" )V (2 — 2 )2 ) (z) =
(2.43)
- %Zkk’ V(Q)CZJFqCZ/—qu’Ck ’

where V(q)

/ LV (@)e ™ Vi) = 2 Ve, (244)

is the Fourier transform of the interaction (potential). Usually, we
assume V(g = 0) = 0. We can check that N commutes with Hy, and
with the whole hamiltonian H = Hy 4+ Hi, which means that N is
conserved. Spin labels can be attached to the c-operators, according
to the rule given in equation (2.34).

Similar expressions in the second quantization can be written for the
total momentum and the total angular momentum (which are con-
served). For instance, the total momentum is

P = [ dzy*(x) (—ihgrad) ¢ (x)

=3, hkcier ;

(2.45)

15
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on the ground-state (Fermi sea) it gives zero, P | ® >= 0, and on
one-particle states it gives the momentum of those states,

Pci | ® >=hkc, | © >, Py | & >= —hkep | D > . (2.46)

Finally, we note an interesting particularity of the many-particle hamil-
tonian

2
_ p; 1
Hfz o= +§ZV(xi — ;). (2.47)
( i#]
By introducing the relative coordinates
fij =Ty — Ty (248)
and the center-of-mass coordinate
1
X= Zx , (2.49)
we get
1
=X+ Z &ij (2.50)
J
and .
pi/m:{ti:Xﬂ-NZfij R (251)
J
or

1 m 1
pi/mZP/M—l—sz:(pi—pj) , Di = MP‘FN zj:(pi_pj) ) (2'52)

where M = Nm is the total mass and P is the center-of-mass mo-
mentum (total momentum). By inserting this p; into equation (2.47),
we get

1 _ 1
H = P?/2M + 3 ZI%(M Yijp; + 3 ZV(&J’) : (2.53)
ij i#]
where the reciprocal mass matrix is

(™ ig = —0i = 37 - (2.54)

In equation (2.53) the roles of the free hamiltonian and the interaction
hamiltonian are reversed.
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3 One-Particle Green
Function

3.1 Chronological product

Another great simplification brought by the many-body theory is the
interaction and Heisenberg representations. This way, the time de-
pendence is transferred from the wavefunctions to the operators. An
operator O in the Heisenberg representation is written as

O(t) = erftOe= w1t | (3.1)

where ¢ denotes the time and H is the hamiltonian. The equation of
motion is .
i
h
In the interaction representation the Heisenberg representation is used
with the free hamiltonian Hy (which may include an external field, be-
sides the kinetic part). For instance, in the interaction representation

O =—[H,O0(1)] . (3.2)

the particle operators read ci(t) = cxe™ 75+, ci(t) = ciensr!, where
€k denotes the one-particle energy; such relations are obtained by us-
ing [AB,C] = A{B,C} — {A,C}B for any three operators A, B, C
(also [AB,C] = A[B,C] + [A,C]B).

Another important element of the many-body theory is the chrono-
logical product, defined as

rawse)={ 2G0T 3.3

for a pair of fermion operators (for bosons the minus sign is missing).
It can also be written as

T (A@)B(t)=A®)B({")o(t —t') — B{AR)OE —t) ,  (3.4)
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3 One-Particle Green Function

where 6 is the step function.

3.2 One-particle Green function

The one-particle Green function is defined as
iGzt,2't") =< & | T (p(zt)p* (@'t') | &> /<@ | D>, (3.5)

where | ® > is the ground-state vector of the ensemble with interac-
tion (as distinct from the Fermi sea | ® >).! This Green function is
the amplitude of propagation in time of a particle (¢ > t') or a hole
(t' > t), the latter being the propagation of a particle backwards in
time (according to Feynman). This is why such a function is called a
(particle) propagator. It may carry a spin label.

It is easy to see that the mean value on the ground state for a one-
particle operator

0= [ dov @)0()i(a) (3.6)
is given by
<0 >= —i/dm yhgg tr [O(2)G(at,yt*)] | (3.7)

where tr refers to spin labels. In particular, the mean values of the
particle and spin densities are

< p(x) >= —itrG(zt, xtt) |

(3.8)
< o(z) >= —itr [s,G(zt,xt™)] |
and the mean value of the free hamiltonian is
< Ho >= —i [ dz lim tr [h(z)G(at,yt)] | (3.9)

Yy—x

1V. M. Galitskii and A. B. Migdal, "Application of quantum field theory methods
to the many body problem", ZhETF 34 139 (1958) (Sov. Phys.-JETP 7 96
(1958)); A. Klein and R. Prange, "Perturbation theory for an infinite medium
of fermions", Phys. Rev. 112 994 (1958); P. C. Martin and J. Schwinger,
"Theory of many-particle systems. I. ", Phys. Rev. 115 1342 (1959).
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3 One-Particle Green Function

holes states

€x
XXXXXX

I'xxxxxx
M € w

particle states

Figure 3.1: Pole structure of Go(kw).

where

Hy = /dm/)*(x)h(x)i/)(m) . (3.10)

By making use of the anticommutation relations and equation (3.4),
we get the equation of motion of the free Green function

(% - %hw) Golat, a't') = 3w =)t —¥)  (3.11)

(hence the name Green function).

Similarly, the equation of motion of the field operator is

(ih% — (a:)) Vo (2, 1) =

(3.12)
=2 sap [ A"k (2" t) Vap,arp (& — 2 )hg (2" t)pp(2t)
such that the ground-state interaction energy is given by
< H; >=
(3.13)

=—1 [dxlimy_,tr{ [ih% — h(z)] G(at,yt*)}
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3 One-Particle Green Function

and, by using equation (3.9), the total energy is

E =< Hy+ H, >=
(3.14)
= —% [dalimy_, tr {[ihE + h(z)] G(zt,ytT)} .

We can highlight a coupling constant g, and write H = Hy+ gH; and
dE(g)/dg =< Hi >g4; then, the energy shift of the ground state is

AE=FE — Ey=
(3.15)

=-4 fol % [ dalimy_, tr {[ihd — h(z)] Gy(zt,ytT)} .

3.3 Free Green function

By using the expansion of the field operators in particle operators, the
free Green function can be written as

Go(zt,z't") =
S etk e=gext=tg(r — ')+ (3.16)

+%‘ Zk nkeik(x—x’)e—%sk(t—t/)e(t/ _ t) 7
where we recognize the Fourier transform
iGo(k,t —t') = [(1—ny) 0(t — ') — npf(t' — )] e~ #+E=) (3.17)

ng being the occupation number. Here, we use the representation

o(t) = — / o (3.18)

T omi w—1in

for the step function, where n — 07, and get the time Fourier trans-

form
1—nyg N

w—ep/h+in  w—ep/h—1in
of the free Green function. We note the definition of the Fourier
transforms

Go(kw) = (3.19)

Go(kt) = % / dwGo(kw)e ™ | Go(kw) = / dtGo(kt)e™t  (3.20)
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3 One-Particle Green Function

M- + in
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Figure 3.2: Pole structure of G(kw).

and

Golat) = %ZGO(kt)eik”  Golkt) = / deGo(at)e* . (3.21)
k

A particle is created on a hole state, where ny = 0; therefore, for
particle states the free Green function has poles in the lower half-
plane. A hole is created on a particle state, where the poles are in the
upper half-plane.

The Fermi sea has a volume Vp and a Fermi surface Sp, defined by
exp = €r (where kp is viewed as a wavevector). The number of
particles can be written as

N =30, ke = s Sy, Ak =

(3.22)
= s Jo " de g dS/ | gradey, |= [§F deD(e)
where
D) = s 45/ | grader (323
&= (27)3 Jg gradgg .

is the density of energy states (spin 1/2); the surface S is defined by
er = €. The ground-state energy is given by

er
Ey = / deD(e) , (3.24)
0
such that
ON = D(&F)&SF s 5E0 = EF'D(EF)&SF . (3.25)
We define the chemical potential
0Fy
= — = .2
I N EF , 3 6)
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3 One-Particle Green Function

such that equation (3.19) becomes

1

Go(hw) = w—er/fi+i0tsgn(er — p)

(3.27)

(by using n = 0(u — €x)). The poles of the free Green function are
shown in Fig. 3.1.

For e, = h?k? /2m the density of states is D(g) = 2% (2m/h?)3/2e1/2.

3.4 Lehmann representation

Let us introduce the energy of N + 1-states (with momentum hk)
Enr = E+ p+ & (3.28)
and the energy of N — I-states (with momentum hk = —hk)
E rs=E—-p+&,.7 , (3.29)

where E is the ground-state energy and i, &,,; are the excitation
energies. We define the density functions

Akw) = ¥, LMt 5, ey |

<<f>|<I>>
(3.30)
Tl | ®>2
B(kw) = X, A0 = /)
which lead to
1G(xt, x't') =
=72 ethl@=a") >, 00— e~ n (Enk—E)(t=t").
<D ey [ nk><nk|c|P>/<D|D>— (3.31)

-3, 00 — t)e*%(Emz*E)(t'*t).

<Pt [ mk><mk|ep | P>/ <P|D>;
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