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ABSTRACT 
 
 
 
This monograph includes eight fundamental studies on EEG analysis: 1) 
disadvantages and errors of coherent analysis; 2) errors in spectral estimates 
of EEG amplitude compared to direct amplitude measurements; 3) the new 
method for analyzing EEG synchronicity by envelopes correlation which is 
very effective for differentiating of various diseases and functional states; 
4) differentiation of norm and schizophrenia by analysis of EEG correlation 
synchrony; 5) the changes in EEG  synchrony at depressive deviations; 6) 
the analysis of EEG synchronism and amplitude relationship in all-night 
sleep; 7) the solution  the problem of choosing the optimal reference 
electrode for EEG recording; 8) the free available software tools for EEG 
complex group analysis. The book contains various materials suitable for 
students, researchers and academicians. 

Keywords: EEG; metrology; coherence; spectral analysis; amplitude and 
power spectrum, amplitude modulation; filtration, discriminant classification; 
envelopes correlation; schizophrenia; depression, sleep stages, reference 
electrode. 

 



CHAPTER 1 

DISADVANTAGES AND ERRORS  
OF COHERENCE ANALYSIS 

 
 
 
ABSTRACT 

Methodological and computational errors that are common in EEG 
coherence analysis are described. A comprehensive review of the 
fundamental problems in coherence functions reveals that this metric 
cannot be trusted as a reliable and effective predictor of EEG synchronization. 

Keywords: Coherence; spectral analysis; EEG non-stationarity; amplitude 
modulation. 

INTRODUCTION 

The first application of mathematical methods into electroencephalography is 
traditionally associated with N. Viner, who proposed the use of correlation 
analysis in 1936, taking the EEG to be a stationary wave process. The 
intensive application of mathematical methods characterized the first stage 
in the development of computerized electrophysiology [1, (pp. 20–32)]. 
This was taken up by physiologists and the engineers working with them 
with great enthusiasm. However, professional mathematicians, who do not 
see any great scientific prestige from immersing themselves deeply in this 
field, generally restrict themselves to overall theoretical positions 
expressed in general terms. The introduction of mathematical methods by 
technical specialists led to the diffusion of a wide range of incorrect and 
even erroneous methods, viewpoints, and concepts among physiologists. 
In particular, the two fundamental differences between EEG signals and 
most other physical signals are not considered: a) fundamental non-
stationarity; b) amplitude modulation at all frequency ranges. This applies 
to a particularly critical extent to coherence analysis, to which attention 
has been drawn previously [2]. 



Chapter 1 
 

2

SOURCES 

According to [3, (p. 138)], “Goodman first pro- posed the so-called 
coherence function in 1960 [4] and studies reported in [5] its first use in 
the analysis of brain bioelectrical activity.” On the one hand, studies in [4] 
did not consider or mention coherence, while spectral analysis methods 
had been developed long before this and were resumed in basic 
monographs from well known authors such as Barlett (1955), Bendat 
(1958), Blackman and Tewkey (1959), and others. On the other hand, the 
coherence formula as applied to electrophysiology was introduced and 
commented on (without source references) by one of the authors of [5] in 
later studies [6]. 

It should also be noted that the extensive specialist literature on coherence 
has a number of deficiencies. Thus, the coherence function for processes 
x(t) and y(t) (some- times termed coherence squared) is usually stated as: 

 

(1) 

where |Gxy(ƒ)| is the modulus of the complex-valued cross spectrum, and 
Gx(f) and Gy(f) are the power spectra of processes x(t) and y(t). 

Most sources [7, p. 146; 3, p. 138; 8, p. 342; 9, p. 36; 6, p. 172], apart from 
citing Equation (1), which gives a value of unity, provide no elaboration. 
Only a few mono- graphs [10, p. 271] clarify that the numerator and 
denominator are averaged for the ensemble (averaged spectra calculated 
for sequential analysis epochs). However, nowhere is it stated which of the 
several possible types of averaging should be used in Equation (1). 

Subsequently, after first defining Equation (1) on p. 146 in [7], it was 
repeated many times in the text, though the need for averaging across the 
ensemble is explained (and then quite indirectly) only in a special 
addendum of terms on p. 517. An even more confused situation is found in 
[11]: on p. 138 of volume 2, i.e., long after Equation (1) on p. 112, the 
discussion of smoother evaluations of coherence makes reference to 
correlational and spectral windows on p. 294 of volume 1, which in turn 
refers to the previous description (p. 289) of the Bartlett smoothing 
method. In [12, p. 463], there is an analogous coherence equation, whose 
numerator is defined by a previous Fourier transformation from a 
correlational function with an erroneous reference to chapter 3, though it is 
in fact defined in chapter 4, p. 43, using averaging over a time interval, 
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which should also be recognized as a very confused way of explaining the 
need for the numerator of Equation (1) to include complex-valued 
averaging of the ensemble in a frequency range, which is far from obvious 
in relation to matching of the results. In [8, p. 330], the unquoted 
coherence Equation (1) is given immediately after exposition of various 
methods of averaging spectra, including averaging using a sliding 
frequency window (the Daniel method [8, p. 322]), which creates the false 
illusion that this averaging can also be applied to calculating coherence. It 
remains possible that calculation of this “pseudocoherence” has been used. 
Furthermore, most specialist monographs make wide use of mathematical 
computation in an integral form, far from real cases of time-limited and 
sampled signals. 

With respect to this confused situation, there is a need for a brief 
discussion of the basic mathematical relationships using a simplified 
example. 

MATHEMATICAL DEFINITIONS 

Let there be two monoharmonic and centered processes with some 
frequency f 

 

(2) 

If a whole number of the periods of these processes fall within an analysis 
epoch, then the coefficients a, b, c, and d will be (in complex-valued 
spectra X(f), Y(f)) the real and imaginary parts of the discrete Fourier 
transform (DFT) for frequency f 

 
(3) 

where i is the imaginary term. 

The power spectra of these processes are the squares of the moduli of X(f) 
and Y(f), i.e., the squares of their amplitude spectra Ax(f), Ay(f). 

 
 

(4) 



Chapter 1 
 

4

and the phase spectra are given by 

 
(5) 

We note that on the complex plane, any spectral component, for example 
X(f), is represented by a vector whose length is defined by the modulus 
|X(f)| and the angular position by the phase ϕx(f), its components a and b 
being the projections of the vector onto the real and imaginary axes. 

The complex-valued cross spectrum of processes x(t), y(t) is defined by 

 

(6) 

where e = ac + bd, g = bc – ad. 

The modulus of the cross spectrum is given by the product of the 
amplitude spectra of the two processes 

 

 

 

(7) 

and its phase spectrum is given by the difference between the phase 
spectra of the two processes 

 
(8) 

We will use E[...] to indicate the operation of averaging for the ensemble 
for non-overlapping epochs (Bartlett method). One possible averaging 
formula for calculating the square of the coherence will then be of the 
form 

 

(9) 

 



Disadvantages and Errors of Coherence Analysis 
 

5 

Where 

In relation to the vagueness noted above, it is of note that Equation (9) 
does not occur in the widely available literature. 

Discussion of the significance of coherence in EEG studies continues to 
the present day, for example in [13] (contemporary “improvements” in 
coherence analysis require separate evaluation), where in contrast to 
Equation (1), as in the physiological primary source noted previously [6], 
a non-squared coherence formula is presented. 

COHERENCE IN TECHNICAL ADDENDA 

Methods for spectral analysis were initially used for signals of physical 
origin and were only later applied to EEG investigations. In technical 
addenda, coherence is used as a particularly second- degree characteristic 
– only for evaluating the significance of other cross-spectral characteristics 
and for defining measures of the influence on them of noise and/or 
nonlinearity. Decreases in coherence values can result from the following 
main causes [7, p. 179; 10, p. 271]: 1) presence of non-correlating noises 
in signals determining instability in the phase of the cross spectrum over 
time; 2) the presence of nonlinear relationships between processes; 3) 
leakage of power determined by inadequate frequency resolution, i.e., 
observation periods of insufficient duration; 4) the presence of time delays 
on transfer of interactions between two processes commensurate with the 
observation interval. 

Small coherence values can indicate the insignificance, at the frequency 
being addressed, of other cross-spectral characteristics or can indicate the 
need to increase the number of averagings to eliminate the effects of noise. 

The cardinal difference is that signals of physical origin often truly have 
stationary harmonics created by real sources: radio stations operating at 
their characteristic frequency; errors in the geometry of the moving part of 
a mechanism inducing vibration, etc. By recording the radio background at 
different locations at the frequency of a given radio station, we will at any 
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time point have a fixed phase difference (determined by the distance of the 
measuring points from the source). If there is radio noise at this frequency, 
then the cross-phase of this harmonic will show some degree or other of 
change; coherence allows this variability to be evaluated and increases in 
the number of averagings allow it to be decreased. 

In the brain there are actually no harmonic oscillators or anything 
producing stationary reflections in the EEG. Arbitrarily dividing the 
frequency band into spectral lines (defined by the duration of the analysis 
epoch), Fourier transformation yields pseudoharmonics as a result of 
interference between a multiplicity of uncontrolled and unknown factors, 
and these harmonics change from epoch to epoch. This is reflected 
primarily on instantaneous autospectra, where each harmonic does not 
have a smooth transition at the boundary of two neighboring analysis 
epochs, but rather sharp, random jumps in amplitude, and, consequently, 
in phase. These jumps are then reproduced in the cross- phase of the two 
processes and hence in coherence values. 

In summary, we can conclude that the large and unique value that 
coherence has acquired in EEG studies as compared with its background 
position in primary sources is ungrounded. Coherence was developed to 
solve other tasks and is based on other premises, so efforts should have 
been made to find and construct more appropriate and reliable measures at 
the very beginning of its EEG application. 

THE NEEDS OF ELECTROPHYSIOLOGY 

In the physiology of higher nervous activity, it is important to have 
reliable assessments of different aspects of the synchronicity of EEG 
processes. When high synchronicity is present, the presence of different 
types of physiological relationships between processes can be proposed 
and verified: the effects of one process on the other, the influence of a 
common source on both processes, and detection of topographical patterns 
of highly synchronized relationships with the aim of differentiating 
functional states, personal characteristics, normal and pathological, the 
effects of drugs, etc. 

The attraction of coherence for these purposes appears largely to result 
from the repeatedly published and insufficiently discussed proposition that 
coherence in a frequency range is an analog of the Pearson correlation 
coefficient over a time period [11, p. 112; 8, p. 342; 10, p. 270; 9, p. 36; 6, 
p. 172]. As will be shown twice, these propositions are quite far from 
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reality. Here, in particular, we will note that a) coherence (Equation (1)) 
can relate only to the square of the correlation coefficient, which in 
practice is extremely rarely used; b) unlike coherence, the range of values 
of the correlation coefficient is from –1 to +1. 

INTERPRETATION OF COHERENCE 

Equation (9) does not give a direct and clear informative interpretation of 
coherence. We will therefore consider another acceptable version of 
Equation (1) [1, p. 196], whose denominator is a transformation using 
Equation (7): 

 
 

 

 

(10) 

which, to distinguish it from 2, we will henceforth term phase coherence 
(we note that this order of averaging comes from an illustration [10, p. 
270] of the addition of cross- spectrum vectors in the complex plane). 

This assessment is a good approximation to 2: a) the correlation between 
them in the range 2 = 0–1 is greater than 0.95; b) the mean difference 
between values is less than 0.074. In addition, evaluation of � �2 has a 
clear interpretation [10, p. 270]: the numerator contains the geometric sum 
of the cross- spectrum vectors for sequential analysis epochs and the 
denominator contains the arithmetic sum of the vector lengths. Therefore, 
the more randomly the phase of the cross-spectrum changes, the smaller 
the numerator will be in comparison with the denominator. The stable the 
cross- spectrum phase, the closer the numerator will be to the 
denominator. Thus, phase coherence is a better indicator of the 
stability/instability of the phase difference (Equation (8)) between two 
processes. 

�2 coherence partially inherits this property of reflecting synchronicity, 
but its significance depends not only on the stability of the phase 
difference between the two processes, but also on their amplitude stability, 
this being quite complex. Despite the equivalence of the denominators in 
Equations (9) and (10) in relation to Equation (7), they differ in terms of 
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the order of averaging. Thus (as illustrated by the numerical example in 
Table 1.1), the denominator in Equation (9) decreases not proportionally to 
the numerator, but to progressively lesser extents, in response to increases 
in the amplitude variability of the processes; in this it contrasts with the 
denominator in Equation (10). 

Table 1.1. Relationship between coherence and amplitude-phase ratios 
of the spectra of two monoharmonic signals 

 

Table 1.1 shows a simple example in which we consider two sequential 
epochs in processes x(t) and y(t) using three different amplitude ratios 
(versions 1–3). In all cases, epoch 2 shows a 90° phase change in the 
cross-spectrum (the autospectrum vectors of process x(t) are 0° and 90° in 
epochs 1 and 2, while the autospectrum vector of process y(t) remains at 
90° in both epochs). If the amplitudes of the processes are the same in both 
epochs (version 1), then both Equations (9) and (10) give the same result, 
2 =  2 = 0.5, which comprehensively reflects a jump of 90° in the phase 
difference between the processes at the two sequential epochs. When the 
amplitudes of the process are halved in epoch 2 (version 2), we obtain 2 = 
0.68, while a four-fold reduction (version 3) gives 2 = 0.889 (compared 
with the constant 2 = 0.5). 

Thus, 2 coherence gives an increased assessment in relation to the extent 
of synchronicity of the processes, with a complex relationship with the 
extent of their amplitude variability. This coherence is fundamentally 
different from the correlation coefficient as a stable indicator of a linear 
relationship between two paired values which are not dependent on the 
ratio of the ranges of their values. 
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As the amplitude of the spectral harmonics of EEG processes vary 
significantly even over short time periods, we can conclude that 2 
coherence is a poor numerical indicator of the degree of synchronicity of 
EEG processes (we note that 2 phase coherence is no better than �2 
because of other errors as discussed below). 

ERRORS IN SPECTRAL ANALYSIS 

One of the main errors in discrete Fourier transformation (DFT) arises 
from leakage or drainage of power from spectral peaks to neighboring 
spectral lines. In technical addenda, this is decreased by using a variety of 
correcting windows and this method has been transported uncritically into 
electrophysiology. However, studies reported in [1, p. 200] showed that 
windows have a double effect on spectral peaks: they compress broad 
peaks but broaden well localized peaks. Therefore, it is more correct to 
calculate the mean and maximum amplitudes of a spectrum after 
preliminary filtration of the signal in the range being analyzed, which 
excludes leakage and modulating peaks from neighboring ranges. 

However, the leakage effect depends on the ratio of the harmonic period 
and the analysis epoch [1, p. 200]: there is no leakage when there is a 
whole number of harmonic periods per analysis epoch and leakage is 
maximal when there is a half-integer number of harmonic periods per 
analysis epoch. Furthermore, even in the latter case, leakage decreases in 
inverse proportion to increases in distance from the main peak. However, 
there is a further, not previously noted, but important distortion to spectra, 
associated with the amplitude modulation present in all EEG signals. This 
effect [1, p. 187] results in the appearance of two symmetrical side peaks 
of 40% or more of the amplitude of the central peak and separated from it 
by a number of spectral lines equal to the number of signal modulation 
periods observed (this applies to monoharmonic signals, and the situation 
with real EEG traces will be significantly more complex). 

These two main errors produce additional (to the above-noted) random 
fluctuations in spectra, which are particularly clear visually when 
frequency resolution is high. Phase spectra are more subject to these 
fluctuations than amplitude spectra. 

Fig. 1.1, a shows a small fragment of a typical and prolonged EEG trace 
with a high alpha-rhythm content in the two occipital leads. Fig. 1.1, b 
shows the amplitude cross-spectrum between these two processes for an 8-
sec analysis epoch, which reveals a high-amplitude peak at the fundamental 
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frequency of the alpha rhythm, 9 Hz. The presence of low-amplitude 
random fluctuations throughout the frequency range should also be noted. 
Fig. 1.1, c, d shows the phase cross-spectrum and the coherence spectrum, 
which are already completely dominated by random fluctuations and no 
clear frequency pattern can be discriminated. Fig. 1.2 shows a plot of 
changes in cross-spectrum phase at the fundamental alpha-rhythm frequency 
of 9 Hz for 32 sequential epochs. This shows that the phase (whose 
stability significantly reflects coherence) shows random and large epoch-
by-epoch variations over the wide range ±160°. This randomly fluctuating 
nature of oscillations in coherence and phase is typical of illustrations 
presented in physiology reports [15, pp. 68–82; 14, p. 29; 9, pp. 134–137, 
and others]. The situation with averaged coherence values is no better (see 
below). 

Sharp reductions in the accuracy of calculations for small signal 
amplitudes should be noted, these being characteristic of high-frequency 
ranges and due to the limited data element length resulting from the 
integer-based representation of the output of analog-to-digital converters –
low-amplitude harmonics are represented by the least significant bits. This 
affects first the accuracy of calculations of autospectrum and cross-
spectrum amplitudes and then, to a greater extent, coherence values. This 
effect is a further source of error in coherence analysis.1 

 
1 In this regard we must not criticize modern ACD with high bit coding (up to 24-
bit) which use delta-sigma conversion; these ACD record all signals from the 
surrounding space and particularly the high-amplitude network noise. After its 
removal by dig- ital filtration, the extracted EEG signal is generally located in the 
8–12 least significant bits. 
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Fig. 1.1. Typical EEG spectra. a) Occipital EEG lead with a high alpha-rhythm 
content (9-sec trace), sampling frequency 128 Hz, analog filters with bandpass 
0.5–32 Hz, total trace duration 64 sec; b) amplitude cross-spectrum (one 8-sec 

epoch); c) phase crossspectrum (one 8-sec trace); d) coherence spectrum (average 
of 8 epochs) 

Thus, coherence is extremely dependent on random fluctuations resulting 
from fundamental instrument errors associated with DFT and the 
properties of the EEG processes themselves. This also has the result that 
coherence cannot be regarded as an informative measure for evaluating the 
levels of synchronicity of EEG processes. According to the popular 
expression: anything can be extracted from Gaussian noise. 
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DEPENDENCE ON NOISE LEVEL 

An important question, ignored in the literature, is that of elucidating the 
relationship between coherence and the levels of noise in the signals being 
analyzed. We will address this using a statistical modeling method, which 
is based on a very simple concept. The instantaneous spectra X(f) and Y(f) 
of monoharmonic processes x(t) and y(t) are generated by geometrical 
summation of two components: a) a defined vector of length r with a range 
of values r = 01 with a fixed phase angle (for example, 0°), and b) a 
random vector of length 1r with a phase angle selected randomly in the 
range 0–360°. Each coherence value is calculated by averaging 30 pairs of 
such instantaneous spectra and the mean value is calculated using 1000 �2 
values calculated in this way. 

The relationship between the mean value of �2 and the noise content in 
the signal (0–r)% is shown in Fig. 1 .3, and this plot leads to the following 
conclusions: 1) The S-shaped nature of this relationship fundamentally 
distinguishes coherence from the correlation coefficient, whose relationship 
with the noise level is essentially linear; 2) at noise levels exceeding 60%, 
the relationship is largely flattened, so over this range 2 cannot serve as a 
measure of the noise content or the extent of desynchronization of EEG 
processes; 3) 2 can only be a satisfactory indicator of noise content in the 
narrow range over which the curve shows an essentially linear relationship 
with noise, i.e., 20–60%; 4) when signals contain more than 30–40% noise 
it becomes difficult to claim a high level of synchronicity between EEG 
processes, such that only 2 values of >0.7 are acceptable for this. 

These conclusions are supplemented by data reported in [7, p. 308] on the 
number of averagings n required to obtain significant values of 2 with 
errors levels of less than ±0.1 depending on the true value of 2 (Table 1 . 
2). As the non-stationarity of EEG processes over prolonged periods of 
time has the result that the number of averagings available for coherence 
calculations is generally no more than 10, it follows that only values of 2 
of >0.8 can be regarded as satisfactorily significant. 

However, scientific reports generally discuss experimental assessments of 
coherence in the range 0.1–0.8 and use these to draw physiological 
conclusions. These conclusions may therefore be extremely mediocre 
evaluations of the levels of synchronicity of EEG processes. 
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COMPUTER ANALYZERS 

What situation applies to the various commercialized programs for 
coherence calculations? We asked several leading and senior EEG 
analyzer producers (in Moscow, St. Petersburg, Taganrog, Ivanovo, 
Kharkov) about their algorithms for calculation of coherence and received 
responses whose agreement was far less than 100%. 

Testing of a number of program bundles using identical EEG traces 
showed (uniformity of testing was hindered by the incompatibility of the 
programs in terms of loading traces in the international EDF format) that 
the correspondence of coherence spectra applies only in relation to their 
integral characteristics (one comparison example is shown in Fig. 1.4): 
plots were monotonic or multipeak, had neigh- boring high or low values 
at particular frequencies, and had approximate coincidence of the 
frequency values of certain peaks. Other qualitative characteristics, as well 
as quantitative evaluations, showed significant differences. This would 
appear to result from the relationship between coherence values and a 
multitude of parameters undeclared on the packaging and uncontrolled: 
squared or non-squared versions of the computations, the length of the 
analysis epoch, the number of epochs averaged, the magnitude of the time 
shift between epochs, the use of a correcting window, the type of final 
smoothing of the coherence function, etc. 

An example of the dependence of a coherence spectrum on the duration of 
the epochs being averaged and the correcting window is shown in Fig. 1. 
5. This clearly shows that the results are significantly different in terms of 
the positions, shapes, and amplitudes of the dominant peaks. 

 

Fig. 1.2. Changes in cross-spectrum phase (Fig. 1.1, c) for the dominant alpha 
rhythm frequency of 9 Hz (Fig. 1.1, b) at 32 sequential 2-sec epochs. 
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Fig. 1.3. Relationship between coherence values (1) and correlation coefficients (2) 
and the proportion of noise in the signal 

 

Fig. 1.4. Coherence spectra calculated using three EEG analyzers, epoch length 4 
sec, average of 16 epochs 

Table 1.2. True 2 coherence values and numbers of ensembles 
needing to be analyzed n to obtain true �2 values with errors not 

exceeding ±0.1 
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Fig. 1.5. Relationship between coherence and analysis epoch duration T and use of 
a correcting window (average of 16 epochs); above downwards: T = 4 sec; T = 2 

sec; T = 2 sec + Hann correcting window 

Fig. 1.6 shows plots of the mean coherence values in standard frequency 
ranges calculated for the spectra of Fig. 1.5. The range of variation of 
coherence values is very large – amounting to 28–36% of the maximum 
value (in the delta, theta, and beta1 ranges). Thus, the mean coherence 
calculated using different values for the parameters are not comparable in 
quantitative terms. The variability increases even more when we calculate 
mean coherence for a group of subjects [15, pp. 71, 74], when most paired 
differences in coherence, on the background of large standard deviations, 
are statistically insignificant. 

It should also be noted that recent years have seen the increasing 
introduction of new spectral analysis methods based on wavelets, which 
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produce results even more fundamentally (both quantitatively and 
qualitatively) different from the results obtained using traditional DFT 
and, thus, from the whole assemblage of data accumulated over many 
decades. 

Thus, coherence analysis results obtained using different program bundles 
and with different values for the parameters are poorly comparable in 
qualitative and quantitative terms, as are any scientific conclusions based 
on these results. 

 

Fig. 1.6. Variability of mean coherence values in frequency ranges in relation to 
analysis epoch duration and use of a correcting window (average of 16 epochs): 1) 

T = 4 sec; 2) T = 2 sec; 3) T = 2 sec + Hann correcting window 

CONCLUSIONS 

This multilateral analysis of the fundamental disadvantages of coherence 
functions (identification of the influences of a multitude of uncontrolled 
fandom factors, inapplicability to EEG analysis, dependence on a number 
of adjusting factors, the nonlinearity of the dependence on the noise level, 
dependence on phase and amplitude variability, the non-comparability of 
the results obtained, etc.) indicates that this numerical characteristic 
cannot, on the basis of metrological considerations, be supported as an 
analytical tool in the current understanding of this term. 

ALTERNATIVES 

Many investigators have in recent years recognized the stationary-
segments paradigm of EEG structure [16], such that various approaches 
can be applied to EEG traces using relatively stationary segments with a 
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criterion for the synchronicity of the time dynamics of such structures. 
One potential approach in this direction [17 and others] is based on 
segmentation for areas of increased/ decreased amplitude modulation of 
signals, with evaluation of the synchronicity of two leads in terms of the 
proportion of coinciding intersegment transitions (an algorithmic approach 
to this method is presented in [1, pp. 227–230, 251–254]. Another 
approach consists of using Pearson correlation coefficients to assess the 
synchronicity of EEG modulation rhythms in a selected time period. Both 
of these methods have now been verified and the results obtained using 
them demonstrate their applicability to many problems and their potential. 
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CHAPTER 2 

INACCURACY OF EEG ESTIMATES  
BASED ON POWER SPECTRUM 

 
 
 
ABSTRACT 

This work performs the metrological comparison of two groups of 
indicators estimating the average level of EEG– potentials. The indirect 
spectral indicators (ISI) based on amplitude spectrum and power spectrum 
are contrasted with natural indicators (NI) based on period-amplitude 
analysis, on EEG absolute value and on EEG envelope. Five major results 
were obtained: 1) NI give almost equivalent estimates that differ from ISI 
significantly; 2) NI demonstrate smooth dynamics of their value change at 
successive epochs whereas ISI are subject to drastic and casual 
fluctuations; 3) ISI unlike NI do not possess the additivity property of 
statistical averaging, their estimates depending on number and length of 
averaged epochs can differ over 3 times in their values; 4) ISI at simulated 
signals with a known amplitude ratio give estimates that differ 1.4–1.55 
times from true value whereas NI show the proper estimates; 5) ISI 
depending on differences between EEG spectral distribution give estimates 
which differ over 5 times in their ratios while NI show the same ratios 
which differ 1.38–3.7 times from ISI. The least reliable results in all 
comparisons are related to the power spectrum. These conclusions do not 
allow to qualify metrologically ISI as an analytical tool that is adequate for 
the nature and peculiarities of EEG potentials. Their use may lead to 
incompatibility of the results obtained by different researchers and 
clinicians. 

Keywords: EEG amplitude; amplitude spectrum; power spectrum; period-
amplitude analysis; envelope; filtration; metrology 

INTRODUCTION 

In this work we examine and discuss one of the major questions for the 
field of metrology. It is concerned with those criteria, estimates and 
standards in computing or quantitative EEG (QEEG) that were not 
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generally formulated for a number of reasons [1]. As follows from the 
special monographic review [2] as well as from many papers on QEEG, 
metrological questions still remain beyond the scope of interest of EEG 
researchers. The newly proposed mathematical methods are not compared 
with their previous analogues, their efficiency in solving typical physiological 
tasks is not estimated, compared, and neither it is statistically verified. The 
methods traditionally used in practice are not critically examined and 
reviewed. Moreover, there is still no global normative EEG database. 

Only a fraction of literature on the topic [3,1,4-5,6] focuses on special 
metrological aspects. A separate branch is represented by 65 years long 
discussion about an optimal EEG reference which still has not led to the 
development of some universally estimated quantitative criteria and 
standards (cf. reviews in [7,8]). The lack of metrological support and 
standards leads to incompatibility and inconsistency of results and 
conclusions drawn by different researchers (cf. literature reviews in [9-
11]). 

More favourable situation developed in traditional clinical EEG 
diagnostics which focused entirely on visual studying of records and 
where clear criteria and standards for both symptomatology and drawing 
clinical conclusions were formulated [12]. Another positive example is 
concerned with heart rate variability analysis where the permanent 
international working group established by European cardiological society 
and North American society of stimulation and electrophysiology several 
decades ago provides metrological standardization and regulation of 
computing methods and estimated indicators [13]. 

One way or another, the scientific EEG investigations during many 
decades mainly followed the physical and technical applications of 
mathematical methods of signal analysis which were often directly and 
noncritically transferred by invited engineering specialists without any 
consideration given to fundamental nonstationarity of bio-signals and 
nonharmonic nature of their sources [1]. Indeed, there isn't any widely 
known pure or applied mathematician who developed special methods of 
EEG analysis. 

However, there will hardly be objections against the vital necessity to seek 
better accuracy and more adequate measurement as well as analytical tools 
in any field of science or domain of knowledge. If a researcher has two 
analytical tools with different measurement errors, then being responsible 
for the evidence and consultations he presents, he will definitely choose 



Inaccuracy of EEG Estimates based on Power Spectrum 

 

21 

the tool of higher measuring accuracy and reliability, otherwise scientific 
community can qualify his results and conclusions as insufficiently 
convincing. Furthermore, fundamental questions of accuracy and adequacy 
of measuring and analytical means are undoubtedly methodically 
significant, actual and primary in any scientific area including EEG 
studies. 

Based on the aforesaid, our aim is to compare metrologically the direct 
measurements of average EEG amplitude in frequency domains to indirect 
estimates obtained from amplitude and power spectra. The following 
analysis reveals the numerous errors peculiar to spectral EEG amplitude 
estimates. 

THE ESTIMATES OF EEG AVERAGE AMPLITUDE 

From the very beginning of the computer era, especially due to FFT 
algorithm developed in 1965, EEG amplitude in chosen frequency domain 
began to be estimated via amplitude spectrum or power spectrum as 
squared amplitude spectrum [14,15]. 

However, in case of insufficient professional mathematical intuition a 
nonlinear relationship between power spectrum estimates is difficult to 
perceive in comparison with linear relationship between amplitude 
spectrum estimates. Moreover, it is not easy to realize the physiological 
meaning of estimations expressed in squared microvolts when EEG 
biopotentials are initially measured rather than their squares or volumes. 
As a result of its nonlinearity the power spectrum is characterized by 
dominant high-amplitude peaks with leveled and even disappearing 
medium-amplitude and low-amplitude details. This is expressed in ratios 
of frequency domains in chosen derivation and in ratios of derivations in 
chosen domain but it is visually-hypertrophied and evident for topographic 
maps displaying only two areas on a scalp in blue and red colours. And 
finally, let us speculate about the mathematical meaning of power 
spectrum average value. It is the dispersion of EEG amplitude spectrum 
with respect to zero as the mean value [14]. The rhetorical question 
immediately arises: what physiological meaning can be associated with 
this indicator? 

Moreover, the results of spectral analysis are characterized by a number of 
errors, the most famous one is the power leakage from the main peaks. 
However, this effect is narrowed by increased frequency resolution and it 
is accounted for signals with powerful monoharmonic sources. That does 
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not correspond to EEG where this kind of generators does not exist. So, if 
the phenomenon does not exist, any ways of dealing with it [16] make no 
sense. Less known error is caused by the influence of amplitude 
modulation which is inherent in EEG signals. It leads to appearance of 
side peaks in spectrum which can be at a considerable distance from the 
main peak [1]. 

Notably, at frequency resolution of 0.25 Hz and better distribution of EEG, 
spectral harmonics appears to be a chaotic sequence of high and low 
amplitude components which are also highly variable in their amplitude 
and frequency through epochs (Fig. 2.1). Therefore, separate harmonics 
are not viable for analysis and they make no physiological sense. And that 
is why the averaged spectral estimates within a selected frequency domain 
are commonly used in practice for they are more statistically stable 
indicators. These indicators will be considered as indirect estimates based 
on amplitude spectrum (As) and power spectrum (Ps). 

 

Fig. 2.1. The amplitude spectra in four successive 8-second epochs in O2 
derivation, "closed eyes" test 

Now let us discuss what is meant by "average signal amplitude". For 
monoharmonic signals the answer seems to be obvious - it is the difference 
between maximum and minimum of oscillations. In case of polyharmonic 
character of signal the answer is not so obvious. During the pre-computer 
era this problem was solved by period-amplitude analysis when the 
measurements of amplitudes and periods of consecutive oscillations were 
performed manually on paper record, then the average amplitude was 
calculated (it is designated as Ap), as well as other descriptive statistics. 
With the profound use of computers this method was fulfilled by a 
preliminary digital signal filtration in a chosen frequency domain and 
subsequent automatic measurements of differences between ascending and 
descending amplitude extremums (Fig. 2.2B). Under these conditions, 
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however, there are two options depending on a critical decision: to 
consider or not to consider the amplitude differences relating to periods 
which are beyond the analyzed frequency domain (such periods usually 
belong to the low-amplitude oscillations). Furthermore, averaging of 
amplitude differences usually is not corrected taking into account 
variability of their temporary duration. 

Another method comparatively simple for application consists in calculating 
the mean of EEG absolute value (Fig. 2.2C, this indicator is designated as 
Am). Indeed, as such measurements are preceded by EEG filtration in a 
frequency domain, then the transformed record is centered around zero and 
both positive and negative EEG extremums are quite symmetric and their 
dynamics are sufficiently smooth. Therefore, averaging of amplitudes of the 
signal through all time samples gives a stable and balanced measure of 
average EEG amplitude. As the simple calculations can show, this indicator 
also considers the temporal variability of EEG periods. 

The third alternative estimation can be a mean value of EEG envelope (Fig. 
2.2D) which reflects the signal amplitude modulation (this indicator will be 
denoted as Ae). In this connection Ae is similar to 0.5 of Ap but it is disposed 
of quantization of EEG extremums in time and of variability of their periods. 

These three indicators are referred below as “natural measures” of average 
EEG amplitude and they are compared with indirect spectral estimates. 

 

Fig. 2.2. From top to bottom: the EEG fragment, its filtering in alpha domain, the 
module of filtered signal, the EEG envelope 
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METHODS AND RESULTS 

Integral Differences 

Here let us estimate distinctions between Ps, As, Ap, Am, Ae indicators 
using 32-seconds EEG record for "closed eyes" test, 10-20% system of 
derivations, 256 Hz sampling rate, and analysis in alpha domain. Since the 
values of indicators vary significantly then Z-normalization of values of 
each indicator throughout all derivations should be performed for 
comparability of results. 

Fig. 2.3 shows the evaluation of Ps, As, Ae estimates through four 
derivation meridians (Ap and Am values by reason of their proximity to Ae 
are not shown). As it can be easily seen, this record demonstrates classical 
consecutive reduction of alpha rhythm amplitude from occipital to frontal 
derivations with noticeable left- and right-handed asymmetry in parietal 
and occipital areas. Furthermore, it is obvious a number of differences 
between three indicators changing their sign in some derivations. 

 

Fig. 2.3. Z-normalized estimates of EEG average amplitude based on amplitude 
spectrum (squares), power spectrum (triangles) and EEG envelope (circles) 

First of all, let us calculate descriptive statistics (variation range, mean 
standard deviation) for absolute values of differences of As, Ap, Am 
indicators relative to Ae: 

|As-Ae|: 0.009 0.21, 0.101 0.058; 
|Am-Ae|: 0.0001 0.012, 0.0036 0.003; 
|Ap-Ae|: 0.0004 0.07, 0.003 0.002. 


