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PREFACE

The present book volume I is a collection of notes on expositions, talks and
lectures on advanced functional analysis and integral transforms along the
year of all sessions of the seminar celebrated all days Fridays of each week
in my auditory-laboratory located in the Tecnoldgico de Estudios
Superiores de Chalco, in Chalco, State of Mexico, Mexico.

In the book are presented advances on operator theory focused to the
non-bounded and infinite dimensional operators, integral transforms
constructed to star of its extension on functional integrals and whose
domains are extended on meromorphic domains considering Banach and
Hilbert structures, new integral transforms that born of science materials
research and inverse problems in differential equations. Certain fine aspects
of mathematical analysis on numerical fields and function spaces. Also
notes and selected themes on harmonic and non-harmonic analysis, some
directions from a point of view of orbits and their minimal types to the
construction of certain characters corresponding to the generalized modules
that can be the infinite dimension representations required to a space being
a non-compact group and not necessarily compact. Some concrete
applications of integral transforms to evaluation of electrical devices, and
Riemannian supermanifolds in the functional study of expansion of the
Universe considering torsion. All mentioned are some contents and items
discussed and exposed through specialized research chapters that conform
the book.

Yours, Prof. Dr. Francisco Bulnes

IINAMEI Director

Head of Research Department in Mathematics and Engineering, TESCHA
CDUV Rector

Selinus University, Associate Professor
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Fig. 1 Lithography of Dr. Francisco Bulnes, Seminar Director: Advanced Functional
Analysis and Integral Transforms. The thought given in the top part, can be read “The
imagery of the man, because there are things that we cannot see, however only we can
imagine but is necessary imagine them with an engineering of the imagination”



CHAPTER 1

TORSION EVIDENCE AND EFFECTS
IN SPINOR FRAMEWORK

ELISA VARANI

4.1 Introduction

The study of spinor in general relativity leads to important results about tor-
sional effects. We can see from Hamiltonian formulation how spinors give
rise to rotational terms associated with torsion.

In general relativity the affine connection is required to be symmetric,
so torsion is zero, we want to verify if a spinor field can be considered a
torsion source. The broader reference context is Einstein Cartan’s gravita-
tional theory, which is a generalization of general relativity; in this theory
in addition to curvature there is torsion associated with intrinsic angular mo-
mentum density. The affine connection is not restricted to being symmetric
as required in general relativity, torsion is included due to the antisymmetric
part of the affine connection. In Einstein Cartan’s theory torsion is con-
nected to the spin tensor as expressed by the Cartan equations. These equa-
tions are obtained through the variation of the total action with respect to
the torsion; the total action is intended as the sum of the action for the grav-

itational field and the action for the fermionic field, S = Sg + Sf, accord-

ing to the minimal action principle §S = 0.

We consider these important hints about torsion and spin tensor to revisit
general relativity with spinor fields, we focus on the requirement of sym-
metric affine connection and develop the calculation of the spin coefficients.

In order to include fermions in general relativity we introduce a local
reference frame and define a tetrad of basis vectors. We refer to the Hamil-
tonian formulation and calculate the canonical momenta associated with the
temporal variation of the tetrads, we find a fermionic rotational term. This
term is connected to torsion as suggested by Cartan’s equations.
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Starting from a torsion-less theory we get a rotational current that would
generate a torsion contribution.

Once the torsion presence in general relativity has been ascertained, the
next step concerns the study of the tensor energy momentum for spinors.

The spin connection leads to important additional terms, the way to per-
ceive these inputs is a scheme of discrete gravity, we calculate different
contributions in the process of increasing perturbations starting from flat
spacetime.

The relation between the energy and the metric leads to other conjectures
involving gravitational waves and the reinterepretation of the cosmological
constant.

4.2 Spinors in general relativity

In general relativity, physical laws are required to maintain the same form
under a general coordinate transformation (Diff’ M*), according to the gen-
eral covariance principle.

Mathematically this concept is expressed by Weyl’s theorem which im-
plies the choice of a symmetric metric connection for the description of the
gravitational field.

Fermionic fields are described by spinors, spinors are a representation
of the Lorentz group, there are no analogous objects for a general coordinate
transformation.

Conforming to the equivalence principle it is possible to identify a sys-
tem of inertial coordinates so that the effects of the gravitational field are
cancelled.

We consider a locally inertial reference frame, the tetrad field e/ will be
better defined later.

In order to construct the Dirac equation or more generally the action for
the fermionic field we replace the ordinary derivative with a covariant de-
rivative. The covariant derivative of a spinor must transform as a vector with
respect to coordinate transformations and as a spinor with respect to a Lo-
rentz transformation of the tetrad basis. Lorentz transformations rotate the
vectors of the tetrad without changing the space-time coordinates.

After these clarifications we write the generally covariant Dirac action
and calculate canonical momenta in consonance with the Hamiltonian for-
mulation.

This calculation leads to a fermionic rotational current. This work moves
between general relativity which is a torsion-free theory and the gravita-
tional theory of Einstein- Cartan.

Torsion is a tensor defined from the affine connection I};‘;‘,
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Tgy = Tgy — I (1)

In general relativity the affine connection is symmetric, so torsion is zero.
The choice of the affine connection I“ﬁ‘;‘, is a consequence of two require-

ments:

- symmetry I}, = I,p
- metricity of the covariant derivative V,g,, = 0. Ref[1]

These conditions are fulfilled if the affine connection coincides with the
metric connection defined by the Christoffel symbols

a
Iy = {ﬂy} =29°4(9p92y + Oy 925 — 29py) ()

4.3 Spinor action

We have already mentioned tetrads as a local inertial frame (Cartan’s repére
mobile) [2].

The following formulas summarize the relations between tetrads and the
metric:

I = nabe/,?eg eieq = by ecl:e;lt, =64 3)

Both Greek and Latin indexes run from O to 3 and transform respectively
under general coordinates and under local Lorentz transformations.

Within this system, we consider fermionic fields.
The covariant derivative of a Dirac spinor D, acts according to the follow-
ing definitions:

D,ull) = aulp - iw,uabo-ablp

“4)
D#IIJ = aulz[_J + id—)wuabaab Q)
Where % = % [y% v"], y? is usual (flat-space) y-matrix and w,qp, is the

spin connection.
The spin coefficients are defined as follows:

Wyah = eaquelf (6)
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V, is the tensorial covariant derivative satisfying the metricity condition
Vigvp =0
Wyap = eap%elf = eap(auelf + I;f;eg) N
The spin coefficients w,,q, are antisymmetric in a and b,
Wuap = ~Wypa ®)
In the following calculations we use explicit antisymmetric equations (23)-

(24).
We write the action for the fermionic field:

S(ed, ) = - [ d*x[g(Iy*D, — Dyy* + 2imip) ©9)
y* = el'y®, and d*x.,/g is the volume element.
We make explicit the covariant derivative and write the action as follows:

YO — 2 0Py + S Py w,ap 0P +

Sy =J d*x,[g x 1 _
glpaabwuabyulp - mlplp

(10)

The terms of interaction with the spin connection are
DY 0uap0 PP + 0P Wy P = el (vS, 0 Ywuapp (1)
We define
Tcab — {yc,o.ab} (12)

The only nonvanishing elements of T¢*? are the following,

.. .. k
T = {r,00} = 26 (9 9,) (13)
T = 4!, g%} = —T0! (14)

.. . 0 1
™ = {y", 0} = 2¢;j, (—1 0) = 2¢&jny°y° (15)
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The indices are flat indices: 0 timelike; n, 1, j spacelike

4.4 Canonical momenta

We consider a global time function according to the 3+1 splitting of
spacetime. Spacetime (M 4, gw) is assumed to be globally hyperbolic. Top-
ologically this means M* ~ R X ¥ , M* admits regular foliation with non-
intersecting three-dimensional space-like hypersurfaces X, T is global time
like function identifying the elements of the foliations (simultaneity sur-
faces).

We calculate the canonical moments according to the Hamiltonian for-
malism.

(5Sf a 5Sf
-
50;e2° 0 T 50.ed (16)

ngy =
For further explanations, the reader could refer to [3].

4.5 Spin rotational current
The only terms depending on the time derivative of the tetrad d.e§ are re-

lated to the spin connection, we isolate and analyze only this part of the
action (10).

1 -_—
glpeéLTcabwuabl/) (17)

Since the only non-vanishing elements of T¢?? are T%Y, T, Ti% we only
consider contributions arising from the terms

1— ..
El[)egw”il-TO”l[J (18)
1— o

svel w,o Ty (19)
et T 20
s Yenwu; Ty (20)

Spin coefficients are depending on tetrads, we make explicit calculations

Wyj = el-pV#ejp = eip(aue]P + I;L’;e-’l) (21)
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Wy = o,V €] = eop(aue;.’ + I‘Zle;‘) (22)

The same we do for Christoffel symbols,

a 1
— — 7]
Iy = {ﬁy} = Ega (092 + 0y 925 — 0195y)
according to the equation g,, = ege,, we replace the metric tensor with

tetrads and look for d,e§ .
Spin coefficients are antisymmetric, so we write

_1 p p 1r-p y 2
Wpij =3 (eipOuef — ejpduel) + El;m(eipej —ejpef’) (23)
_1 p p 1r-p ) A
Wupoj =3 (eopOuef — ejpdues) + Ellm(eopej —ejpeq)(24) (24
Temporal derivatives of the tetrad are manifest in these parts:

1

(,L)-,;ij = E(eipatejp - ejpateip) (26)
1

wroj = (eop0z¢] — €j,0:€() (26)

The terms including time derivatives of the tetrad present in the Christoffel

symbols are cancelled out, due to the antisymmetric part of the spin coeffi-

cients.
We only consider these contributions

1 i 15 ;.1 "
shefy T = e[ (e,0.€f — e;,0,€f TP (27)
1= ¢ i0j, — 10 orl d.e’ — d.eP \1Ti% 28
8¢ei w‘rO}'T 1,[} - 8¢ei [2 eOp re]' ejp re() ]T 1,[} ( )
e T = Ziper, |2 (e,,0.€f — e;,0.€ )| Ty (29)
8 nWtij — 8 n [5\CipYCj jpYtCi

Finally, we obtain the conjugated momenta:

a _ 5S¢
T §50.e

= 2P [efei T +3 efeg T + ke ™| ¥ (30)

Index a is flat spacelike
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_ 6Sf _1— 1 i0j
T = ke =50 |~ el | (1)

Index 0 is flat timelike
The term (28) provides two contributions.

4.6 Torsion evidence and interactions terms

These considerations concern the analysis of interactions and the compari-
son with the results obtained in linearized general relativity.
We write the Dirac Lagrangian

Ly = sPy* 9, — 5 0Py + el {yS, 0}wyapp — mPp (32)
since y# = el'y?, (36) becomes
Ly = el @y o, — 0, py*yp) +
+ 2 el (e, 0 gty — i (33)

We express the Dirac Lagrangian replacing equations of T, and scab,
T = @ya LY — 0,y *) energy momentum tensor

seab = — ilﬁ{y”, oY spin angular momentum tensor
i i —
Ly =Ty + 5 elw,qps” — mypyp (34)

There are two terms of interaction between the gravitational field and the
fermionic field.

The first interaction term eZTﬂ consists of the product of the tetrad el
with the energy-momentum tensor Ty for the Dirac field, the appearance of
the tetrad field e’ is due to modified y-matrix being y* = ehy®. This in-
teraction is also evident in linearized gravity.

The second term el w ”absmb is related to the spin connection; in weak
gravity the interaction part containing the spin connection vanishes (only to
first order).

The linearized metric tensor is obtained by the flat metric plus a small
perturbation h,,

I =N + hyy (35)
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In the linearized theory of general relativity, the interaction is represented
by the product of the field hy, with the Dirac energy- momentum tensor
™.

In the non-relativistic limit this interaction has gravitoelectric and grav-
itomagnetic effects, both orbital and spin angular momenta couple in the
same way to the gravitomagnetic field, the precession rate is universal for
any angular systems [8].

Gravitomagnetism seems well explained with linearized gravity.

In this work we have analyzed in detail the spin coefficients.

Momenta T and 1r§ have been calculated from (11), this term disap-
pears if we consider the linearized theory for gravity, as already said.

Canonical momenta are related to the spin rotational current; we can
compare the second member of the equations (30); (31) with the canonical
spin angular momentum tensor.

Sabc — _i@{ya, O'bc}ll) (36)

The results we obtained confirm the interaction between the fermionic field
and the gravitational field, moreover the spinor rotational current, usually
associated with torsion, is highlighted through the calculation of canonical
momenta.

In this way we can explain how torsion arises dynamically, due to the
presence of spinors [5].

4.7 Energy momentum tensor for spinors in linear gravity

We want to analyze the energy-momentum tensor obtained for spinors in
general relativity in the linear gravity approximation.

For this study we take as a reference the theory of spinors in general
relativity, the formalism of the spin connection, covariant derivatives refer
to that theory.

We consider linear gravity with g,,,, = 1, + h,,,, here we assume h,,,
as a first step of perturbation from flat spacetime, recursively we apply the
same approximation till to nh,,, contributions.

In this process we examine the energy momentum for a Dirac particle
and calculate the tensor connected to each step of perturbation from flat to
nhy,.

The energy-momentum tensor has recursive behavior: in particular, at
each step towards a little more curved space-time, a new contribution must
be added to the energy-momentum tensor calculated in the former step.
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In this approximation the tensor T#¥ linearly depends on the metric, this
may then appear to be a clue that leads to a form of quantization of the
energy if we assume the metric is quantized.

The analysis continues in more detail, we see in particular that there are
intakes related to the spin connection so that the full energy momentum ap-
proximation is

T = T — 2 (RUT 4 pETaK) — n 2 (hhhY, 9 + hYRY,s9)  (37)

Starting from additional contributions to the energy momentum tensor we
try to attribute a new physical meaning to the cosmological constant. we
consider the tensor as a source of the wave equation and study different
solutions according to distinctive terms of the tensor.

4.8 Spinors and Quantum Gravity

Quantum gravity is an attempt to include general relativity and quantum
mechanics principles.

Here we consider spinors as the encounter point of these two descrip-
tions. Spinors can be described in general relativity thanks to the equiva-
lence principle. We need a flat inertial reference frame where we can de-
scribe spinors as a representation of the Lorentz group: conforming to the
equivalence principle we can set up a system of inertial coordinates so that
the effects of the gravitational field are canceled out, we can find shelter
from gravitation and set up spinors in locally flat spacetime.

Spinors are the quintessence of quantum mechanics.

Let’s consider that for each point of curved spacetime we can introduce a
flat reference system, we reset the memory of the process for a moment and
then we return to realize that if we have arrived in the new reference frame,
we owe it to a small jump h,,,, from the previous flat space time. During this
path what’s happened to the energy momentum tensor related to fermions?
We see that this one is getting the same contributions at each step.

This result considers the spinor energy momentum tensor, as we can de-
rive from the Dirac theory, in the general relativity background. Torsion is
admitted in this theory even if the affine connection is symmetric [5] [6].

We find out that there is a relation between the changing in the metric
tensor and the energy momentum tensor for the spinor field, the next ques-
tion is how this combination is realized.

This mechanism involves gravitational waves.
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Gravitational waves in linearized gravity are developed from the Ein-
stein field equation, the perturbation h,,, propagates as a wave according
to the equation:

1676

O hy, = — 28w (38)

uv c2

In the following analysis, we consider the terms of the energy-momentum
tensor as sources of gravitational waves, we get non-homogeneous differ-
ential equations. At first order we get a differential equation typical for a
standing wave if we choose appropriate boundary conditions.

A standing string has normal modes of vibration so that the energy is
quantized, here the vibration does not concern a string but concerns the met-
ric and the normal modes are referred to different perturbations of the flat
spacetime.

If we consider the spin connection contributions to the energy momen-
tum tensor, we obtain two other types of non-homogeneous equations that
have a derivative term of the metric and these equations are related to forced
and damped oscillations, in the next paragraphs we show in detail how these
types of oscillations can generate opposite currents and the creation of
whirlpools.

In the end, the curved space-time turns out to be obtained from the sum
of many approximations of the size h,,,,, the source for the metric perturba-
tion is the energy momentum tensor associated with the metric tensor.

The curved space-time is generated by the normal modes of vibration of
the metric having their source in the energy momentum tensor T#V | this is
a possible way to realize the coupling between the metric field and the
spinor field; the peculiar behavior of the spinor field is achieved through the
interaction with the gravitational field creating opposite contributions to the
metric tensor.

Curvature measurements are obtained from detection of energy pertur-
bation; we get an example of curvature energy spectra for hyperbolic parab-
oloid (see Fig 1)[7].

Fig. 1-1 Curvature energy spectra
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4.9 Energy momentum tensor for the Dirac field

in curved space time and in weak gravity

We start with the Lagrangian for the spinor field in the flat Minkowski space
time.

Ly = 2hyHa,p — 5 0,y P — mip (39)

For the calculation of the energy momentum tensor, we follow the Noether’s
theorem:

~ _ aLf aLf T sl
T =en ™ T 2~ Ol “0)

We get the energy momentum tensor in the explicit symmetric form:
T = 2 [Piyavy — FPivhyp + piy ol — Fpiy ] (41)

Let’s consider the energy-momentum tensor in curved spacetime with the
covariant derivative.

Dy =y, = 0,y + LY; D=0, — L (42)
Gab V,eh = d,el + el (43)
Christoffel symbols are so defined
Igy = {ﬁay} = 39" (9p92 + 0,925 — 9295) (44)
According to the Noether theorem now we obtain:
T = 2 [Piy#DVY — DVpiyHp + Piy* DM — DFiy Y] (45)

The tensor has the same form but covariant derivatives instead of the ordi-
nary ones

W0 = [ iy 9V — FVpiytap + iy 9k — FFPiy '] (46)

Now we consider the tensor in weak gravity approximation,
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Juw =Ny + h/,w 47)
P TN
yh=vk =S hat® (48)
We make explicit calculation and we get

THY — Tuv 4 % [11[_” (_%hg?a) DV — Wl (—_h#]’/‘a) Y+

Pi(—2hEp@)DMp — DIpi(—> g™y (49)
T = T4+ 2 (=S h[Bi(P)0*p — TVPi(] —  hE[hi(P)0"p —
PGP+ (50)
T = P — ZRTY — TRETH — SR L[PG + PIYGOY] —
ZhE 2 [P +PrHGOY] (51)
THY — Tuv _ %hgrfav _ %hsza,u _ %hz % [lﬁ{?a, [‘V}l,l}] —
~hy [, T ] (52)
= Ry, I =Rk G0 (53)
THY — T;w _ ihﬂ tha/,L 4L h#hvlb [w{?a Abc}lp] +
ShuRt, 1B o) (54)
s = — L [D(7°, 6" W) (55)

spin angular momentum tensor
THY ~ T;w _ %hgrfav thau _ _hﬂhvlbsabc _ _hvhﬂlbsabc (56)

If we ignore the spin contribution, we can write the energy momentum ten-
sor approximated as

TH? = T — ~ LT — ~puTon (57)
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So, if we start with a flat space-time and then we introduce a little defor-
mation in the metric the energy momentum tensor is changing of a factor
—NH*? each time.

N7 = = (hG T + hyTow) (58)
NHY is symmetric for pv
THY = T — NWY (59)

We approximate the metric, each time putting ourselves in a new reference
frame, starting from the flat we proceed with discrete path of the size hy,, to
a little more curved spacetime. Fig 2.

The result at the first step is the following equation:

Y o 1, ua 1, 55
T = TH — ~hGT — - hgT o (60)
Second step
THY = TR0 — ~RLT'OY — ~pUT/aH = Thv — phTar — piTer (61
Third step
nr ~ 3 oy 3 A
T = T — “h T — >~ hgToH (62)
And so on for n- times,
Tk & Puv 2 plipav 2 pypan (63)
here n is not a world index, it only indicates the n-steps of the path.

At each step we sum up the effect of the metric approximation with the
factor

—NW = — % hhT® — %hZTa” inherited from the previous energy-mo-
mentum tensor.
We have completely ignored second order contributions.
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h uv h,"-
hu

-|- " —I-lv

(-

T flat

Fig. 1-2 Iteration sequence to approximate the energy-momentum tensor through
discrete paths of size h,,, up to slightly more curved space-time.

Now if we include the spinor angular momentum, we have to consider the
tensor

T = Twe = L (RETOY 4 RET) 4+ nlRERY, S[R(P%, 67 W] +
hvhf“);[ Yipe, 6P hp] (64)

T ~ Fuv _ % (hZT‘w + hz'j‘*a#) _ n%(h#hvlbsabc + hth|bSabC) (65)
First step with spinor:
Tl;w — Tuv _ lh#'fav tha,u + - h#hvlb [lp{?a Abc}lp] +

~hyht, = [tl){)?“ gt (66)
T”‘uv — T/uv _ lh#T/av thlay + - huhc|b [w{?a Abc}lp]

hvhf“, " [ll){]?a Gy (67)
TR = WY — T — 2puTak + S hlRY, < [D{7%, 67Ny +

hvhf“, L [Wre, 6"l (68)
_ lh# (Tav _ lha'fbv thba + - h,‘: |b [¢{?k Abc}lp]

hYhY, - g “bc}ll)])



Torsion Evidence and Effects in Spinor Framework 15

_1hv (Tau _ lhﬂfbu h“Tba + hk Clbi[l/){ LGNl +
h"ha.,, 7 ADC}w])

42 RERY, 7 (%, 3W] 4 hRY, 2 D7, 6%y

T'av _ Tav _ lha'fbv _ _thba + - hk clb [l/){ 6.bc}1/)] +
h"hcu, [1/){)7" &P ] (69)

T'ak — ’f"a#_lh”’f‘b# hIina_I_ hahclb [w{?k Abc}lp]
h”h“w [¢{?" Gyl (70)

We don’t consider second order contribution like A3 h} but include hf; hep

R B i
71a.T””"ET””——h“T“” hVT“”+ ha b3 57,87 ]

+7 hvh [ p{pe, 6 ]

_—hl‘(TaV+ )——hV(Tau+ )+ ha ‘g i [117{)7&,51)6}1,0]

h”h’cﬂb [p{7e, 3]

71b.T"HW = TH — h”T‘“’ hyTO# + 2 h”hclb [W{p®, 6]

+27 h” [IP{ Gl

clb g
At the moment we don’t consider these kinds of contribution
— S RE(=SRETY + S hEhY, < [P7*, 67 p]) (72)
because they are second order or more, so we write:
71c.T"* = TH — (hh T + hYT™) — 2~ (h heps ¢ + Ry L, s9P€)

We can see from equation (65) that the spinor contribution
ihZ h)p i [p{p?, 6°Np] is different from zero only if the derivative hy), #
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0, that to say the coupling between the gravitational field h%, and torsion is
effective only if the deformation of the metric is not constant.

4.10 Energy-momentum tensor depending
on discrete steps in the metric

The main results we get is this equation describing the energy momentum
tensor related to the changing in the metric and to torsion

THY = THY — % (hAT + hET) + ni(hfl‘ ap hghflb)s“b" (74)
We write the equation in a more compact way
T = TR —nNH 4+ n iB“” (75)
The first term T#? is about Dirac particle in flat spacetime.
N = %(hZT‘“’ + hgTew) (76)

This term represents the coupling between the deformed gravitational space
and the Dirac particle, it’s symmetric.

The contribution to the energy momentum tensor is negatively increas-
ing at each step, as if spinors could lose energy in the coupling with the
gravitational field.

W = (RARY,s ™ + hiht, 59 (77)

B" is symmetric for the world indices, but it contains the spinor angular
momentum antisymmetric for the flat indices of the local reference frame.
Here we have the coupling between the gravitational field and the spinor
angular momentum through the derivative hy),.

It’s apparently negative. Let’s check isabc

Here we have to deal with M€ = {4, 52¢} and specify non vanishing
terms.
We consider Dirac matrices so defined:

/\0_1 O'Ai_(o 0'i>
=, )= T (78)
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- k
TN N T o 0
ol= 75,77 1=¢iji 0 ak)

The only non-vanishing terms of M%?¢ = {§%, 55¢} are

k
bc _ o 0
M€ = Zepar ( 0 —ak>

index 0 time like; bek flat spacelike

k
bOc _ Obc _ o 0
MP¢ = —M°%¢ = —2¢&p.1 ( 0 —ak)

M*PC = 2g,c (_01 (I))

So, if we make explicit —n - B”"=—n (h“ Yy + hGRE

clb)Sabc

we get three kinds of contributions:

84.0)  -n(hhhY,+hiht,)s@e=n" (hE Y, +hYRY,)sOe=

a’tc|

tn- (ho c|b+hvhﬂ|b) [IpMObclp]:

K
- 0
=—-Z (huhclb + hgh?w)gbc;clp (O(-) —O'K) Y
84.11) L (RERY, + RERE)s@e=n L (RERY, +

hiht0)s90=+n = (hlihY, + hiht ) < (M%) =

0
-0

_ Ak
=+ (h#hclo hzhao)gacxlp (O;) K) l/)

here index a is flat spacelike.

84.1I) —n- (h p + hiht )sabe=n - (h”hclb + hihy,)sk0e =

a C| clb

=+n; (h”hcw + h”h‘c‘w) [pM*Pep]=—= (hih), +
vh I
h C|b)gbcxl/)( I 0) lp
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The energy momentum tensor has a recursive form and for each successive
approximation we can detect a negative factor associated with the energy
momentum tensor for the Dirac field in flat spacetime, this contribution is
multiplied by n at each step.

In addition, we get positive and negative contributions from spinor an-
gular momentum, we mean this could be associated to expansion and com-
pression or growing and damping deformation of the metric.

Spinor as source of gravitational waves loses energy in creating curva-
ture and torsion of the metric.

4.11 Cosmological constant reinterpreted

We suggest that the terms calculated explicitly in the energy momentum
tensor could be a declaration about the cosmological constant and dark en-
ergy: spinor and torsion enter in the mechanism of expansion.

We consider the field equation with the cosmological constant
871G 4

GH + Aghv = — o puy (85)

Now if we start with the field equation without cosmological constant and
develop the energy momentum tensor we get

Grv = — 2Ry (86)
_ _ 8nG i

Gro = —Z2 (THo—Nww 4 ZBW) (87)
Gro4 TR (-N# 4 gy = — TR pwr (88)

81G i
Agh” =22 (= NW° + < BW) (89)

AP + b7y = Z2[— 2 (RET + hETak) + < (RhRY, +

hiht,)s] (90)

The cosmological constant is positive and creates acceleration in the expan-
sion of the universe, the value is associated to vacuum energy or to dark
energy. There is a problem with the interpretation of the cosmological con-
stant as vacuum energy: the value of the constant calculated from quantum
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field theory is too big and would produce acceleration too high compared
with measurements [4].

In this frame the cosmological constant is associated with spinor cou-
pling to the gravitational field and to torsion interaction.

Torsion is implicated in the expansion of the universe and could replace
the role of dark energy to explain repulsive force contrasting gravity [9].

The cosmological constant could assume different value for each step of
expansion

AghY =ZF (~nN# + n ZBW) 1)

here we have attractive decelerating term (minus sign) and a mixed term of
torsion with positive (repulsive) and negative contribution, creating differ-
ent acceleration of the expansion.

4.12 Gravitational waves sources

We consider different contributions as wave source and look forward to the
solutions as a superpositions of the two effects.

16TL’G

Oh#Y = — B2 [T — 2 (RATO + hET) + 1 (RhRY, +
hY hulb)sabc] (92)
OhtY = % — 2 (93)
Oh = — 270 [ L (e 4 pyfou)] (94)

This is a non-homogeneous wave equation like the elastic string wave equa-
tion- describing tension in a fixed string due to an external force:

h*¥ could be interpreted as the tension in the string and the non-homogene-
17, - . .

ous term — - (hZT‘”’ + hZTa”) is assumed to be the force acting on the

string forcing vibrations.

OhHY = 167‘[G l

aheip + hihg))se] 95)

Here we have three terms.
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— K 0
OhY = —C 5 (hEhY, + R enadd (G ) ws (96)
167G
— C’ZT =C
cbk are flat spacelike indices
K
T 0
Oh = +C 5 (Yo + hihlieanch (T, D) 97)
0 is flat time like index
DR = —C2 (Rt + ) evect (O D (98)
c|b c|b/<bck I 0

We notice that the nonhomogeneous terms contain first order partial deriv-
atives, like for heat equation covered by vacuum wave equation. These first
order terms are associated to damping or growth phenomena, depending on
the plus or minus sign; there are opposite currents creating whirlpool, tor-
sion from spinor becomes torsion of the metric.

So, the picture we can figure out from (94) is about background station-
ary waves due to spinor fields related to discrete expansion. In addition to
this, equation (95) describes the torsion effects arising when spinors are pre-
sent in curved spacetime. Stationary wave plus whirlpool are the effects of
the deformation of the metric due to the presence of spinors.

4.13. Planck scale considerations and early universe

In this investigation we have assumed the approximation of linear gravity
with progressive steps till to nhy, so that g,, =n,, + nhy,.

For each perturbation of the size hy,, the energy momentum tensor is so
written

T = v 4 [— 2 (RETWY + RET) + = (hhRY, + RURY,)s®¢] - (61)

This is a model of discrete expansion driven through gravitational waves
originating from spinors.

But how does this mechanism start? We could suppose vacuum fluctua-
tion for the first deformation h,,, ,spinors coupled to gravitational field as-
sume new energy contributions and the presence of spinors deforms the
metric.
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How are the discrete levels of the metric connected? Gravitational wave
originates from spinors having their source in the energy momentum tensor,
the tensor changes modifying the gravitational field with the perturbation of
the size h,,.

In this model we are not fixing the size of hy,, could it be at Planck

. th . . .
scale? Let’s calculate what happens with 1, = = if we consider the size

of the space deformation of h,, of the order of l,, we are describing the
universe at the Planck time t, = 107*3s, according with the cosmological
picture of the early beginnings of the Universe.

What is the fuel to expand to different levels? The fuel is the energy
tensor of the previous level, this is the source for the wave deforming the
metric curvature.

If we consider the discrete steps used for this model of expansion, we
can distinguish the contribution of two kinds of waves (56) and (57).

We get two different phenomenology according to the solutions of the
differential equations: the former source contribution hy, T4 + T al-

lows gravitational waves creating a new size of the metric as expansion.

This torsional source i(hz op h}{hglb)sabc, contributes to other

metric changesets related to vortices creation through growing and damping
metric perturbation.

The spiral shape of galaxies could be a good example of the effects of
this mechanism on a huge scale.

We propose a different interpretation of the cosmological constant, ex-
pansion is due to the additional term of the energy-momentum tensor.
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