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INTRODUCTION

The aim of the present book is to present central topics in quantum and
classical optics, and to develop the theoretical framework for each topic
from first principles familiar to graduate students and researchers. The
analysis is simplified as much as possible without losing the important
physical features of each system. For cases in which the analysis becomes
too complex, we refer the reader to the relevant works of the present
author and others. While the extensive body of literature on these topics is
not fully covered, a focused selection of references is provided to support
and complement the mathematical derivations presented here.

The analysis in this book falls into two main categories. The first focuses
on the fundamentals of quantum optics. Although the material introduced
in these sections is inherently complex, we adopt the most straightforward
approach for their interpretations. In some of these topics, where
conceptual issues arise, the author presents a specific perspective to
address these issues. The second category includes the examination of
selected topics from different scientific areas, which are typically absent
from textbooks on quantum and classical optics, and may be of particular
interest to researchers and graduate students.

In the second part of the book, five complex quantum optics systems are
treated. In Chapter 10, we explore how squeezed light interacting with
atoms can produce squeezed atomic states and examine the implications of
such interactions. In Chapter 11, it is shown that local dipole-dipole
interactions lead to changes in the Maxwell-Bloch equations of dense two-
level systems, resulting in intrinsic bistability effects. In Chapter 12, the
separability and entanglement of 2, 3, and 4 qubits are treated, a core topic
in the field of quantum computation. In Chapter 13, we treat the use of
pseudo-Hermitian Hamiltonians for physical systems exhibiting parity-
time symmetry and possessing real eigenvalues. In Chapter 14, we treat
quantum engines, where unitary transformations of their mixed states can
lead to geometric phases.

In the third part of the book, we show how super resolutions can be
obtained through label-free nanoscale object scattering (i.e., without
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fluorescent atoms, which can enhance resolutions, but can distort the
imaging process). In Chapter 15, we treat super-resolution effects
observed in hot spots, where extremely high electromagnetic intensity is
confined to a small region, enabling Raman spectroscopy at the single
molecule level. In Chapter 16, we examine super-resolution obtained by
microsphere systems, where their explicit geometry helps the analysis.

We hope that the additional topics in this book will raise scientific interest
beyond the interest in the fundamentals of quantum optics.
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PART I

FUNDAMENTALS OF QUANTUM OPTICS



CHAPTER 1

FUNDAMENTAL PROPERTIES OF COHERENT
AND SQUEEZED ELECTROMAGNETIC (EM)
STATES

The present chapter reviews the fundamental properties of coherent and
squeezed electromagnetic (EM) states, focusing on their quantum
characteristics. The creation and annihilation operators are central to the
quantization of EM field operators (Glauber 1963a; Glauber 1963b;
Loudon 1983; Scully and Zubairy 1997; Walls and Milburn 2008) in
relation to the decrease of the quantum noise of squeezed states (SS)
relative to that of coherent states (Teich and Saleh 1989). The emphasis in
the analysis is placed on SS, which have been obtained and discussed in
many experiments (see, e.g., Heidmann et al. 1987; Reynaud et al. 1987;
Shelby et al. 1986; Slusher et al. 1986; Wu et al. 1986). An extensive
treatment of this topic, supported by numerous calculations, is provided by
Loudon and Knight (1987), including the references therein.

Considering a cavity with a volume V. cross-section 4 and length L
along the z-direction. From the boundary conditions, the allowed wave

vectors are discrete: km =7m/L A single cavity mode of the EM field
behaves as a simple harmonic oscillator of unit mass. The electric field

operator Ez.0) is given by:

E(z,t)= E®(z,t)+ EO(z,1)

= Z( J{a(km £)sin(knz) — a* (kn £)sin(knz)},
(1.1)

where @ and @' are the annihilation and creation operators, @ is the
frequency, and
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E(*) (Z, t) = E(*) (Z,t)-}

(1.2)
The coherent state (CS) @) can be defined as:
had an
|0(> = exp(—|0{|2 / 2) Zwl n)
n=0 .
, (1.3)
where the number state ) is given as:
(a')'
|n) =~—710)
()= (1.4)

and 10) is the vacuum state. For a CS, the photon number follows a
Poisson distribution, where the variance is given by:

((Va)')= (el )= (alila)’ = (ala|a) (1.5)

where 7= @'4 5 the number operator. We define the quadrature operators
(Walls 1983).

X:%(&+d*):(a)/2h)”zq
¥ =L(a-at)= ()" p.
2 (1.6)

where 4 and ? are the space and momentum operators, respectively. For
CS, we obtain the following relations:

{(ax))=((ary) =14 (1.7)

The CS can be generated from the vacuum states by the action of the
Glauber unitary displacement operator D(a) as:
D(e)=exp(ad’ —a'a); |a)=D(@)|0)

D(o)aD(a) = a+a; D' (e)atD(e) =at +a

(1.8)
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The two-mode squeezed vacuum (SV) state is given by:
|7.6) = $(r,6)[0),]0),

S(r,0) = exp(lg’“dldz —lgdﬂdﬂj; c=rev’,
2 2 (1.9)

=re’?

where © , % and % are the annihilation operators for the two

modes with frequencies Q2 =Q+35 454 Q=25 One method for
producing this state is by using a parametric amplifier (which will be

analyzed in the next chapter), where 2 and 4 represent the frequency
and phase of the pump field, respectively. As o approaches zero, the two-
mode SV state can be reduced to a degenerate one-mode SV state. The

operator 5(r.6) is a unitary operator that transforms the creation and
annihilation operators according to the following relations:

S (¢)aS(¢) = ai cosh(r) — a>" sinh(r)exp(ig) = s
S (¢)a*S(¢) = aif cosh(r)— @ sinh(r) exp(—ig) = dis*. (1.10)

Similarly, relations for % and %', where the new operators are denoted

5 4 ot
as D5 and 45, respectively, obey the same CR. The degenerate one-

mode SV state is given by (Walls 1983):

S e
S71(¢)asS(¢) = acosh(r)—at sinh(r)exp(i0) = as

S (g)a*S(¢)=a' cosh(r)—a sinh(r)exp(—if) = as*. (1.11)

The expectation values for the quadrature over the degenerate SV state
vanish:

(018 (r.0)X5(.6)[0) =0 ; X =(‘“&Tj

g
2 ) (1.12)

I3

(0]S-(r,0)YS8(r,0)|0)=0 ; ?:(
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as can be verified using Eq. (1.11). The expectation value of the squared

quadrature operator X2 over the degenerate SV state is given by using
Eq. (1.11):

(0[$7(r,0)%25(r,6)[0)

%( [{(a+a")coshr—(ea+eat)sinhr}’|0)
l(cosh2 r+sinh? r —2sinh r cosh 7 cos 8).
4 (1.13)
Assuming that at /= 0 , we have 0=0 , obtaining:
(0|S(r,) X2S(r, ¢ =0)|0) = —e
(1.14)

We develop, in a similar way, the equation for the squared quadrature

operator Y? over the degenerate SV state, obtaining:

(0|S1(r,9)Y?S(r,¢ = 0)|0) = %eb
2 2 1

AX)' (AY))=—.

{(ax)" (ary') =— ws)

The above calculations reveal that for ¢=0 the measurement of
quadrature X is more accurate at the expense of increasing the noise in
the other quadrature Y By returning to Eq. (1.13), we find that the
quadrature operators in the X =Y plane depends on the angle 0 (Fisher

et al. 1984). Without the approximation 0=0 more general calculations
lead to the equations:

<(AX)2> = %{exp(—%)cos2 %9+ exp(2r)sin? %6};

<(AY)2> = %{exp(—b)sin2 %(9+exp(2r)cos2 %9} 016)

By considering the zeroth-order time dependence

—iwt i . .
a—ae’", at —a'e™  the CS rotates in the X —Y plane with

frequency @ . As a result, it becomes a minimum-uncertainty state only at
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times 7T/ 2, where ” is an integer, and 7 is the time period of the EM

field. At all other times AXAY>1/4 By performing interference
between the SV state and the two-mode CS, the result can be described as
a minimum uncertainty state in a rotating reference frame, where the frame
rotates at the angular frequency of the coherent state.

The excited (or displaced) SV state is given by:
|.6) = D(@)S(5)[0) (1.17)

The application of Eq. (1.17) is usually based on the conditions that the
uncertainties are obtained by the SV state, i.e., by Eq. (1.16), while the

o]

light intensity is given mainly by , resulting in:

(a,g|atala,g) =of +sinh? r

sinh? 71 |of. (1.18)
In this framework, the distribution of the SV state in the complex & plane
is represented as an ellipse centered at the origin. The major and minor
axes, denoted by AX and AY are given by Eq. (1.16). The state
described in Eq. (1.17) is obtained by displacing the ellipse center by the
vector ¢ with the same distribution of uncertainties. Generalization of
Egs. (1.17) and (1.18) to two modes with detailed calculations are given,
for example, in (Loudon and Knight 1987). Additional material on
squeezed states can be found in other reviews, e.g., Dodonov (2002).
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CHAPTER 2

PHOTON STATISTICS, NONCLASSICAL STATES,
AND HOMODYNE DETECTION

Let us consider a photoelectric detector illuminated by a beam of light.
The photodetector is based on the photoionization process: an incident
photon ionizes an atom of the detector, and the emitted electron is
accelerated and amplified to create a pulse. A shutter in front of the
phototube controls the length of time for which light falls on the detector.
The number of counted photons is recorded, and the experiment is
repeated many times for the same opening 7. The measured statistical

distribution F;. (¥} contains information about the statistical properties of
light.

The standard theory of photodetection is based on the multi-coincidence
rate (Kelly and Kleiner 1964):

W(")(l‘l cotn)

=pn O () EOB)E® (1) E®
n"Tr[ pEO () EO()E® () ED (1) ], @1

where s the density matrix of the field, and T is the quantum

efficiency of the detector. The £ operators are defined, for example, in
Eq. (1.1). However, in this case, we assume propagating light rather than
light within a cavity.

Instead of expressing the field in terms of spatial modes (which involves

performing a Fourier analysis of the spatial variable into wave vectors fem )
we can write it in terms of temporal modes, where we perform a Fourier

analysis of the time variable ! into discrete frequencies @, where

n =2m7 /T  The electric field for a plane wave can then be written as
(Collett, Loudon, and Gardiner 1987; Huttner and Ben-Aryeh 1990;
Collett and Gardiner 1984):
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E@)=E® (1)+EC)( Z{ } a(on)e +HCl,

2&0cT (22)

alwn) — a(z,wn)

where and their conjugates form a set of localized

creation and annihilation operators (instead of the usual a(kn,t) ). The
cross-section of the beam should be included in the denominator of Eq.
(2.2); however, we set it to unity. Following this description, the operator

Ar=at (aw)a(on), 2.3)

is the number operator of the photons of frequency @ passing through a

certain plane Z during a time period 7 and with a unit cross-sectional
area. Here, we focus on the quantization of temporal modes (however, a
more general treatment of temporal modes, including the effects of
dispersion, is treated in Chapter 3).

The first-order coincidence rate is related to the average photon flux and
the quantum efficiency as:

WO (1) =(EQO@OED @) =1(t)7. 24)

where I(#) represents the photon flux per unit time and unit area. This
quantity is related to the average number of counts during a time interval

[0.7] by:

(n), = 'T[W(U (t)dt
0 . (2.5)

The second-order coincidence rate is related to the second factorial
moment (Dagenais and Mandel 1978):

(n®), =(n(n-1),

O"—-‘\]

T
jdtldtzW<2) (t,0)
0

wo =p ( V(M)EO ()E® (tz)E“)(h)) (2.6)

For stationary light, we apply the following approximations:
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W =2 (EDNEO (t+1)EO (t+1)EO (1))

<W(])> — <n>T ,
T 2.7)
which leads to the second-order normalization condition:
g (1) = M
WO@)) (WO (1))
7 (EOWEO t+)ED (t+1)ED (1))
<”>r2 /T (2.8)

Substituting Eq. (2.8) into Eq. (2.6) and changing the variables i and b

to i and 7= ~h regults in:

T-t T
(n(n=1))=(n),” / T j dt j g (D)drt

o 0 . (2.9)
The upper limit in the integration over hois given by h=T-t1 By
rearranging terms, Eq. (2.9) can be rewritten into the following very useful

form (Gardiner and Collett 1985; Gardiner and Zoller 2004):

T

=0 =00 (1= vio-va | @10

We note that:

T
(n)? Fj(l—ij(—l)dr} =—(n)".
T T

(2.11)
This term is inserted on both sides of Eq. (2.10), leading to the following

2
important result: {n2)=(n)" = (n) that represents the variance for a CS
(see Eq. (1.5)). The last term on the right-hand side of Eq. (2.10) shows
the deviation of the occupation number distribution from Poisson
statistics. This deviation is measured by the Mandel Q-factor (Mandel
1986; Mandel 1979):
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{n) . (2.12)

@ &)
For short-times, we apply the approximation g?(7) =g (0) in Eq.
(2.10), and after performing an integration, we get the following:

Q:<”>(g(2)(0)_1)’ (2.13)

) @) ) .
where 7 is the photon number operator, and g (0) is the normalized
second-order correlation function at short time intervals. Negative values

of 0 corresponds to a state whose variance of photon number is less than

-1£0<0

the mean (i.e., sub-Poisson statistics). Here presents

nonclassical light. The minimum value, g=-1 is obtained for a number
state.

In classical light sources, such as thermal light, photons tend to arrive in
bunches. However, the phenomenon of antibunching, where photoelectric
counts exhibit anti-correlations, was first observed in resonance
fluorescence experiments (Kimble, Dagenais, and Mandel 1977; Mandel
and Wolf 1995). The number of recorded pulsed pairs as a function of the
time delay 7 between them showed growth from =0 demonstrating
antibunching. While photon bunching has semiclassical interpretations,
antibunching can only be understood in terms of a quantized EM
field. The antibunching of photons can also be related to the property of

the second-order correlation function with £ operators as a function of
7 in Eq. (2.8).

2.1. Photocurrent spectrum

We follow the approach given by Kelly and Kleiner (1964) and define the

random function o) representing the output of the photomultipliers
(PM):

O(t)=ZN:eG5(t—t;)Yf
i=0 (2.14)
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where the measurement time I is divided into V intervals:

Lot [ 02 J5- - {tw-s t ], and N is large enough to ensure that two

photoelectrons are not emitted simultaneously. The variable Yiis a

random variable with values of [#i,tim]: ¥ =1

¥=0 if no detection occurs. Here, eGo(t-t) represents the intensity of
the sharp pulse occurring when a detection event takes place, and G is the
gain of the PM.

if detection occurs and

To obtain the spectrum, we introduce the random variable correlation

A

function for the operator O in Eq. (2.14):

C(7) =% j OO (1 +7)d,

(2.15)
using the relation O(t=)6(t—t;+7) > 5(t; +7-1;) we obtain:
12 NN
C(r)= eG ZJ(rﬁr—u)Ym
U= (2.16)

YY, = Y2 (Y, =Y))

This leads to two types of terms: for we obtain the

average term for G(@).

(Ci())= cG { j 740 (t)dt}é‘(z')
1 . 2.17)
Applying Egs. (2.4-2.5), we get:
[wwde=(n), =(1)Tn,
0 (2.18)

where {I)m represents the average photon flux. For stationary light, we
have:

(W(l)):%J:Wmdt:(I)ﬂ ; <nT>T =(I)n

(2.19)
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The average current (i) is given by:
(i) = 1eG(I) (2.20)
Thus, Eq. (2.17) can be transformed by substituting Egs. (2.19-2.20) as:

(Ci(2))=eG (i) (T); (i) =neG(I) @21

GACY) C:(7).

For we evaluate the average of the term

e*G?
T

T
C: (1) = jW(z) (t,t+7)dt = 2 GO (1),
0

(2.22)

where for stationary light, using Eqgs. (2.8) and (2.19-2.20), we obtain:

C (1) =(i) g (7). (2.23)

N2
By subtracting i) from {C()=(C()+{C:(7)) and applying the

Fourier transform on (€(2) the intensity fluctuation spectrum N(®) is
obtained as:

N2 @)= Sy 2 [ [ (0)-1]erdr
r 2m L (2.24)
[£% (0)~11 > [ (0)-1]

byoN .
For coherent light, we obtain the standard limit N*(@) = (eG/ 2”)<l>.

0 —
Nonclassical light is obtained under the condition [g®(0)-1I< 1, where
maximal noise reduction occurs in a number state, which satisfies
[g®(0)-1]=-1/n

For small time intervals, we can exchange

2.2. Homodyne detection of nonclassical light

The general theory of homodyne and heterodyne detection was developed
by Huttner and Ben-Aryeh (1989). In the following discussion, we limit
our focus to applying this theory to the photocurrent spectrum for
analyzing the detection of nonclassical light. In a typical experimental
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scheme, a coherent local oscillator (LO) field and a SS are mixed at a

beam splitter (BS). The resulting field generates a current (i) and <i2>at
the two photomultipliers (PM1 and PM?2). These currents are then sent to a
frequency analyzer to obtain the noise spectrum. We assume a simple
transformation of the fields after splitting at the BS (Huttner and Ben-
Aryeh 1988):

E9)(6) = Set (1) + REW (1)

ExXD () =—Re™ (¢)+ SE® (1) (2.25)

S (R) is the real transmission (reflection) coefficient, £() is the
SS' field before splitting, and 20 is the coherent LO field. We assume
steady-state conditions for the fields, such that time dependence enters
only via the time differences in the various correlation functions.

where

To determine the noise in the current, we consider three correlation

(2) (2)
functions: &' (7).8:7(7).82(7) for PM1 and PM2, and the correlation
between the two photomultipliers, respectively:

(EO@OEO +1)E (t+1)EW(1))

@ (1) =
g (7) (EOOESO)(EO @ +1) B0 (t+1)) (2.26)
and similarly, for g2 (7) , we have:
oo (BOOED t+7) L (t+ 1) EO (1))
g2 (7)= (B OEO @) (B (1 + 1) EX) (1 + 7)) 227

Then, by sending h=h o 4 spectrum analyzer, we obtain the noise

spectrum:

N ()= g((l]) i2)) + J [g® (7)—1Jerdt

+ <1227>[ I[gz“) (7) —l]e‘i”’fdr—Z—(ilZf;z) L[gl,z@) (7)—1le7rdz,

(2.28)



