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Preface

The present book focuses on that part of calculus of variations and related applications
which combines tools and methods from partial differential equations with geometrical
techniques. More precisely, this work is devoted to nonlinear problems coming from
different areas, with particular reference to those introducing new techniques capable of
solving a wide range of problems. Frequently, we operate in physical problems with a
two-time, ¢ = (t!,¢*), where one component means the intrinsic time and the other one
represents the observer time, not having any preference for one of the two components. In
this respect, this book provides the latest developments in multidimensional optimization
and optimal control. The results presented in this book are based on the author’s recent
contributions. With various examples and applications to complement and substantiate
the mathematical developments, the present book is a valuable guide for researchers,
engineers and students in the field of mathematics, operations research, optimal control
science, artificial intelligence, management science and economics.

The book is organized in twelve chapters: First, Chapter 1 presents necessary and
sufficient conditions of efficiency for a class of multiobjective (vector) variational problems
involving higher-order derivatives. More precisely, an optimisation problem of minimizing
a vector of simple integral functionals subject to higher-order differential equations and/or
inequations is investigated. By using the notion of quasiinvexity, sufficient efficiency con-
ditions for a feasible solution are established. In Chapter 2, by using the notions of the
variational differential system, adjoint differential system and modified Legendrian dual-
ity, necessary optimality conditions for a class of signomial constrained optimal control
problems are provided. Chapter 3 presents a study on sufficient efficiency conditions for
a class of multidimensional vector ratio optimisation problems, identified by (M FP), of
minimizing a vector of path-independent curvilinear integral functional quotients subject
to PDE and/or PDI constraints involving higher-order partial derivatives. Under gener-
alised (p, b)-quasiinvexity assumptions, sufficient conditions of efficiency are provided for
a feasible solution in (M F'P). Chapter 4, by using a non-standard Legendrian duality,
investigates the Hamiltonian dynamics and formulates a Hamilton-Jacobi type divergence
PDE involving higher-order Lagrangians. In Chapter 5, necessary and sufficient condi-
tions of efficiency are derived in multiobjective variational control problems which involve
multiple integral cost functionals. Under (p, b)-quasiinvexity assumptions, sufficient effi-
ciency conditions for a feasible solution are formulated, as well. Chapter 6, by using
the concept of invexity associated with multiple integral vector functionals, introduces
several results of duality for a class of multiobjective fractional variational control prob-
lems involving multiple integral cost functionals. Under (p, b)-quasiinvexity assumptions,
weak, strong and converse duality results are provided. The main goal of Chapter 7 is to
formulate and prove, under simplified hypothesis, a maximum principle in a mathematical
framework governed by geometric tools. More precisely, using some techniques of calculus
of variations, the notion of adjointness and a geometrical context, necessary optimality
conditions are established for two optimal control problems governed by: (i) multiple in-
tegral cost functional and (ii) curvilinear integral (mechanical work) cost functional, both
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subject to fundamental tensor (state variable) evolution as constraint. In both optimi-
sation problems, the control variable is a connection, as well. Finally, as an application
of the geometric maximum principle introduced in this chapter, exterior Euler-Lagrange
and Hamilton-Pfaff PDEs are obtained. In Chapter 8, a KT-pseudoinvex multidimen-
sional control problem is introduced. More exactly, a new condition on the functions
which are involved in a multidimensional control problem is formulated and it is proved
that a KT-pseudoinvex multidimensional control problem is characterized such that a
Kuhn-Tucker point is an optimal solution. The theoretical results are illustrated with an
application, as well. In Chapter 9, under some assumptions and using a dual gap-type
functional, weak sharp solutions are investigated for a multidimensional variational in-
equality governed by convex multiple integral functional. Moreover, a relation between
the minimum principle sufficiency property and weak sharpness of a solution set for the
considered variational-type inequality is established. In order to give a better insight into
the main results, a numerical application is formulated. Chapter 10 introduces a V-KT-
pseudoinvex multidimensional vector control problem. A new condition on the functionals
which are involved in a multidimensional multiobjective (vector) control problem is intro-
duced and it is shown that a V-KT-pseudoinvex multidimensional vector control problem
is described so that all Kuhn-Tucker points are efficient solutions. An illustrative appli-
cation is also presented. In Chapter 11, based on a multidimensional control problem,
in short (M CP), a modified multidimensional variational control problem involving first-
order partial differential equations (PDEs) and inequality-type constraints is introduced.
Optimality conditions for this new variational control problem are formulated and proved,
as well. Furthermore, under some generalised convexity assumptions, an equivalence is
established between an optimal solution of (M CP) and a saddle-point associated with the
Lagrange functional (Lagrangian) corresponding to the modified multidimensional control
problem. Also, in order to illustrate the main characterization results and their effective-
ness, several applications are presented. Chapter 12 investigates optimality conditions
for a class of PDE&PDI-constrained variational control problems. Thus, a minimal cri-
terion for a local optimal solution of the considered PDE&PDI-constrained variational
control problem to be its global optimal solution is derived. The theoretical development
is supported by a suitable nonconvex optimisation problem.
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Chapter 1

Efficiency conditions in vector
variational problems involving
higher-order derivatives

In this chapter, necessary and sufficient conditions of efficiency are formulated and proved
for a class of multiobjective (vector) variational problems involving higher-order deriva-
tives. More precisely, we investigate an optimisation problem of minimizing a vector of
simple integral functionals subject to higher-order differential equations and/or inequa-
tions. By using the notion of quasiinvexity, sufficient efficiency conditions for a feasible
solution are established.

1.1 Introduction and problem description

In this chapter, we extend and further develop some optimisation results regarding the
efficiency of a feasible solution for a class of vector non-fractional variational problems.
More concretely, we introduce and perform a study on the vector variational problem
of minimizing a vector of simple integral functionals, denoted by (MV P), with higher-
order differential equation and inequation constraints. The passing from the first-order
derivatives to the higher-order derivatives is not a facile task because it requests specific
techniques, a new quasiinvexity concept and an appropriate mathematical framework.

Over time, several authors have been interested in the study of vector variational
problems by using a generalised convexity/invexity (see [8], [10]-[15], [17], [25], [26], [32],
[33], [41], [45], [48]-[50], [56], [58], [60], [66], [68], [30], [82], [84], [87], [88], [94]-[98], [102],
[104], [105], [114]-[117], [124], [141], [167]). Also, many of them extended the notion of
convexity /invexity and developed a multitime (multidimensional) optimisation theory by
using a geometrical language (see [83], [110], [111], [135], [144], [146], [151]-[153]).

Let us consider the real interval I := [ty,¢;] C R and

f=(fa) : I xR SR =T p,
(fu(t,z(t),20(), .., s® (1)), ..., fo(t, 2(t), 2D (1), ..., x®) (1)),

1



2 Efficiency conditions in vector variational problems with higher-order derivatives

k

d
a C" ' class function, where 2™ (t) := ﬁx(t), with k > 1 a fixed natural number. Also,

let be given g = (g1,...,gm) : I x R" D 5 R™ with m < n, and b = (hy,..., h,) :
I x RMF+D 5 R™ with r < n, two C* ' class functions. Assume that the C**'-class
Lagrangians

fa(t,x(t),x(l)(t),...,x(k)(t)), a=1,p

generate the simple integral functionals

= /t1 falt,z(t), 2V (@), .., 2®@))dt, a=T,p.

Let C* ([to, t1],R™) be the space of all functions x : [to, t1] — R™ of C*-class, with the
norm

k
2]l == l[2lloo + D 17 oo-
B=1

As usually, for any two vectors u = (uq,...,us), v = (v1,...,vs) in R* we shall consider
the following convention

U=V U =1, UulvSUu IV,

u<veu<vy, ulxvesulov, uFuv, 1=1,s.

Also, we underline that the argument of the considered Lagrangians is a graph

Xo(t) = (t,x(t), 2V (1), ..., P (2)).

Using these ingredients, we formulate the multiobjective variational problem (MV P) (a
constrained optimisation problem) as

ril(mF < / Ji(xa(t / So(xa(t dt)

subject to z () € F(I),
where the set F(I) of all feasible solutions is
zeC®(I,RY), x(t.)=x., 2V(t.)=u1xs, ec{0,1},

gix=(1) <0, hixz(t) =0, tel, B=1k-1.

Th next section introduces some necessary preliminary results which will be used for
proving the main results of the present chapter.
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1.2 Some preliminary results

In the following, let us start with the case of a single simple integral functional, by
considering the following scalar variational problem (SV P),

win {12 - /t:lxugc(t))dt}

()
subject to z (-) € F(I).
Further, consider the auxiliary Lagrange function

L(xo(t),p(t),a(), A) 1= AX (xo (1)) + p*(1)ga(Xa () + ¢° ()R (xa (1)),
with summation over the repeated indices, that allows us to establish necessary conditions
of optimality for (SV P).

Theorem 2.1 Consider that the feasible solution z° of the problem (SV P) is an
optimal solution and the functions X, g, h are C*-class functions. Then there exist a
scalar \ and the piecewise smooth functions p(t) and q(t), satisfying

O (o (1,000, 0(0).3) — 5255 o), plt), (). )

d* OL
k% B X (8),p(8), a(8), A) = 0

(higher-order Euler-Lagrange ODEs)

p(t)g(Xe0(t)) =0, p(t) >0, (V)tel.

+..+(-1)

Definition 2.1 The optimal solution 2°(-) of problem (SV P) is called normal optimal
solution if A # 0.
Further, without loss of generality, we can assume that A = 1.

Definition 2.2 A feasible solution 2°(-) € F(I) is called efficient solution in (MV P)
if there exists no other feasible solution z(-) € F(I) such that F (z(-)) = F (2°()).

Consider p a real number and
b: (O ([to, 1], R")"" — [0, 00)
a positive functional. Also, consider the notations

b (x, R L SO xo(k’l)) = by,

n (t, z, x(l), ey a:(k_l), :L‘O(k)) = Nigz0



4 Efficiency conditions in vector variational problems with higher-order derivatives

and a : I x R""1) _ R a real function that determines the simple integral functional
t1
Al = [ alu)e
to

Definition 2.3 The functional A(-) is [strictly] (p,b)-quasiinvez at z° if there exist
the vector functions n = (11, ..., ), with the property

dgntmomo
dt¢

=0, ¢e€{0,1,...k—1}, tel,

and 0 : [C™ ([to, t1], R")]*T" — R" such that, for any z [z # 2°], we have

da

(Aw) < AG) = (b [ a5 (0t

" dnmo da n dkntxxo da
+hgg0 /to At or® (Xxo (t))dt + oo+ bago /to dtk o) (X:co (t))dt

[<] < =pbrao || Ouzo Hz)

1.3 Necessary and sufficient conditions of efficiency

In the following, in order to formulate and prove the necessary and sufficient conditions for
the considered vector optimisation problem, we establish the following auxiliary lemmas.

Lemma 3.1 The feasible solution z°(-) € F(I) is an efficient solution of the prob-
lem (MV P) if and only if 2°(-) € F(I) is an optimal solution of each scalar problem
Pi(2%), 1 =1, p, defined as

min [ o)

subject to

{L‘() EF(I)v /tlfj (Xx(t))dtg/tlfj (Xxo(t))dt, j: 17p7 j%l

Proof. ” =" Consider 2° (-) € F(I) is an efficient solution of the problem (MV P).
Let us suppose there exists k € {1, ..., p} such that 2" (-) € F(I) is not an optimal solution
of the scalar problem P, (z"). Consequently, there exists a function y (-) € F(I) such that

[ sowmars [ g oo
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for j =1,p, j #k, and

/ " G0 dt < / " e olt)) .

This contradicts the efficiency of the function 2° (-) € F(I) in (MV P). Therefore, we
proved the direct implication.

” <= " Let 2°(-) € F(I) be an optimal solution of each scalar problem P,(2°), [ =
1,p. Assume that 2°(-) € F(I) is not an efficient solution of the problem (MV P).
Consequently, there exists a function y (-) € F(I) such that

/tlfj (Xy@))dtﬁ/tlfj (ao(t))dt, j=T,p

and there exists k € {1, ..., p} such that

/t e () de < / i e (0)) .

t1
But, the function z° (-) € F(I) minimizes the functional fr (xz(t)) dt on the set of all
to
feasible solutions of problem Py(2"). The proof is complete. [

Lemma 3.2 Consider | € {1, ...,p} fized and 2° (-) € F(I) an optimal solution of the
scalar problem Py(z°). Then there exist the real scalars \j; > 0 and the piecewise smooth
functions py(t) and q(t) such that

3 M (o (1) + 1) S 0) + (1) 5 (v (1)

j=1

_% {Z )\ﬂ%(){zo(t» +pl(t)%<><a:0 (1) + Qz(t)%(xxo (t))}

k(P .
+... + (—1)’“% {Z Aﬂ%(%ﬁ(ﬂ)}

dr dg oh
=1 { )5 (0 0) + (0 g o) } =0
(higher order Euler — Lagrange ODES)

n(t)g(xeo(t)) =0, pi(t) >0, (V)tel
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t1
Proof. Consider R := / fi (xeo(t)) dt = m(1§1 fi(x(t))dt, I = 1,p. Define the
to

C*_class functions, ¢; : I x ]R"(k“) — R, ¢;(xz(t)) >0, j=1,p, j #1, as follows
51
Ga() = [ 1 (aalt) = B+ 6500 0)] e = 0
to

Therefore, the scalar problem P;(2°), [ € {1, ..., p} fixed, is changed into

t1
max/ fi (xz) dt
() to

subject to

VIS F([>7 G](x<>> = 07 ¢J(Xm) > 07 j

Dy JFL

or
t1

max {
x(-) to

filxa)+ Y A lfi () = B+ 65(xa)] dt}
J=Ti I

subject to

‘TEF(I)7 ¢](XI)207 j:1>p7 ]7&[7

or, equivalently,

t P 0
Igg;c{ /to Ji(xa) + jﬂz;;# At 5 () = B + 65(xa)] dt} *)
subject to

I(')EF(I)7 _¢j(Xm)§07 j:ma ]7&[

Let us consider the following Lagrangian

VilXas Pus @1 115 a5) = 1 (Xa +%{ Z At [ (xa) R?+¢j(Xx)]}

J=1; j#l

p

+p(D)g() + aOha) = Y a;(0)8;(x),
J=1; j#l
where v, €R, 3 > 0,and p; : [ = R™, ¢: I >R, a;: I =R, a; >0, j=1,p, j#I,
are piecewise smooth functions. The function z° being an optimal solution for (x), the
following necessary conditions (see Valentine [162]) are fulfilled

v, d oV, cdt OV
%(Xﬂcoaph%a’ylaa’]) dt@ (1) (Xar 7PZ7Qla'Yl7ay)+ +( ]') dtk@ (XLE 7]%%7717%) 0
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p(t)g(x0(t) =0, plt)>0, tel
aj(t)gbj(X:cO(t)) = 07 a’j(t) > 07 j = rl% j 7é l
>0, A\y>0, j=1,p, j#IL

Concretely, it results

’Ylgfl (Xa0) + Z NAjI [af]

=1 j#l

P O d 0
— '_Z aj(t)%(xxo)— %{%WJZ)(XIO)}

00,

() + G2 0)] + (052 0) + )G )

J=1; j#l
d u of; Do, dg oh
T {j:l.#l YAji {m (Xa0) + m(XxO)] +pz(t)m(xx0> + Ql(t)m(XzU)

d ] 5 09, d* ( of
+E {j Z CLj(ﬁm(Xw)} + ...+ (_1>k% {’ylﬁ(i)(){xo)}

=1; j#l
d* - d & 0
+(_1>k? { Z %>\Jla J; k) (Xﬂco) + Z le)\]la Qbk) (Xx0>
J=1; j# j=1; j#
d* dg oh
+(—1)k? {pl(t)m(xx()) + QZ(t)m(Xmo)}
d* L 8gz5
i=1; j#
or, equivalently,
of, z 0 2 0o,
W)+ DD W)+ YD b -] 2 0e) ()
j=1; j#l j=1; j# .

0 Oh d 9 - 0
+pz(t)a—i(xxo) +tat) 5 () = {%ax—ﬁ)(xxo) + Y MAF D /s o) (xxo)}

J=1J#l

d 2 0¢; 0 oh
—@{ > [ —aj(t)]axizi)(xzo)+pz(t)ax—?1)(xmo)+ql(t)m(xxo)}

j=1; j#l

d o Zp 0f
k

=1; j#l

‘f‘(_l)k% { Z h/l/\jl - aj<t)] aaq%)(Xm )}

=1; j#l
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d* dg oh
o {0505 () + 0) 5 0) =0

We impose the following conditions: v\;; — a;(t) =0, j = 1,p, j # I, for any t € I,
Y= )\ll Z 0, )\jl = 7[>\jl Z O, ] = Tp, ] 7é [. Rewriting (*), it follows

+(=1)

0 0
/\ll fl Xaco Z /\]l Xaco +pl( )ai(Xwo)

J=1; j#l

Oh d (. of
+QZ<t)£<Xa:0) - {Aum(XxO)}
i} 5 of; g oh
=42

d* of,
o (FD) {)\” Ji 105 Z ity f” xm)}

J=1 j#l
d” dg oh
0 e {050 0 + ) s ) | =0
and the proof is complete. [

Definition 3.1 The feasible solution 2°(-) € F(I) is called normal efficient solution
of (MVP) if it is a normal optimal solution for at least one of the scalar problems
P(a"), 1 =T,p.

In the next result, the normal necessary efficiency conditions associated to (MV P)
are established.

Theorem 3.1 ([Normal] necessary efficiency conditions for (MV P)) If 2°(-) € F(I) is
a [normal] efficient solution of the problem (MV P), then there exist A € RP, p: [ — R™
and q : I — R" satisfying the following conditions

ZAJ i (1)) - 000) 22 (i (1)) + 0(8) (1)

_% {Z Aj%(xxo (1) + p(t)%(xxo (t) + ‘I“)%(XI‘) “»}

et (1 {Z A (1)) (1) <t>>}

HD g a0 () } =0

(higher order Euler — Lagrange ODES)
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p(H)g(xa0(t)) =0, p(t) >0, (V)tel,
A>0, eA=1, ' =(1,1,..,1) € R

Proof. Taking into account Lemma 3.1, we get 2°(-) € F([) is an optimal solution
of each problem Py(2"), | = T,p. Therefore, if 2°(-) € F(I) is [normal] optimal solution
in P(2"), 1 € {1,...,p} fixed, then the relations which appear in Lemma 3.2 are fulfilled
[\ = 1]. Making summation over [ = 1, p of all relations in Lemma 3.2 and setting

Z)\jz =\, Zpl(t) = p(t), Z%(t) =q(1),

=1

we get the following relations

—~: 0f; 0 oh
552 (un) + 500) 22 x0) + A0 ()

d |5 91 v 0g . Oh
dt {Z)\jax—(jl)(xzo) +p(t)m(><zo) + Q(t)m(xaw)}

k(P ,
Tt {Z s () () 5 () +q~<t>%<xxo>} -0,
B9 ) =0, 5020, (el

:07
A >0, [N >1]

p
By dividing with S =Y \; > 1 and denoting \; = A;/S, p(t) = p(t)/S, q(t) = §(t)/S,
j=1
we obtain

p ] a
A () + plt) 22 x0) + (65 ()

d )~ 9 dg oh

Jj=1

&[S~ If dg oh
k § -

Jj=1

pt)g(xao(t)) =0, p(t) =20, (V)tel,
A>0, ed=1, e'=(1,1,..,1)eR?
and the proof is complete. [
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Let us establish the second main result of this section: sufficient efficiency conditions
for the variational problem (MV P).

Theorem 3.2 (Sufficient efficiency conditions for (MV P)) Assume that Theorem 3.1
is fulfilled and there exist the vector functions n and 6 satisfying Definition 2.3. Also,

consider that the following statements are true:
t1

a) the functionals filxz(t))dt, forl € {1,...,p}, are (p;,b)-quasiinvex at x°(-) with
to

respect ton and 0;
t1
b) / ))dt is (p?,b)-quasiinver at 2°(-) with respect to n and 0;

t1
c) / ))dt is (p°,b)-quasiinver at 2°(-) with respect to n and 0;

1 1
d) one of the integral functionals/ filxz(t)dt, 1 € {1,....p}, / p(t)g(x(t))dt and
to to

t1
/ q(t)h(xx(t))dt is strictly (p,b)-quasiinver at °(-) with respect ton and 0;  (p = p;, p*

to
or p*)
p
)Y Np+p"+0° >0 (p.p% 0" €R).

=1
Then the point 2°(-) is an efficient solution for (MV P).

Proof. Assume that 2°(-) is not an efficient solution for (MV P). Then, for [ = T, p,
there exists x(-) € F(I), x(-) # 2°(-), such that

/ " hu )t < / " ()t

and there exists at least k € {1,2,...,p} with

/t " ()t < /t " (D)t

Using the hypothesis a), it follows

t afl dntmxo afl
b [ [ G ca(0) + e s a0

t1 dk af
Ntax0 l 1 2
oo bygo /to [ dtk Ok (Xﬂco (t)):| dt < —P by20 ” U0 || :

Multiplying by A; > 0 and making summation over [ = 1, p, we obtain

nr g s | D
baso /t [ntmo)\ T (xan(t)) + )\ax—{l)(xxo(t))} i (3.1)
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nrdk of -
Ntxa0 1 2
+..+ bxaxo /to |: dtk )\ax(k) (Xxo(t>>:| dt < — <l§:1 >\le> bacaco || ex:vo || :

Also, the following inequality holds

/ (g (1))dt < / () (e (1)) dt

to to

and (see b)) it follows

dg

b [ [asnt) 520 ) + 22 t0) 25 1) 32)

t1 dk: B
M0 g 2 2
oo Dago /tg |: Atk p<t) O (k) (Xa:o(t)):| dt < —p b2z0 || 00 || :

The equality (see c))
/t ’ q(O)h(xx(1))dt = /t " q(t)h(xao(1))dt

is fulfilled and implies

b [ a5 o 0) + 2400 20 0 53)

t1 dk oh
U 3 2
o+ bygo /to |: Atk q(t) Oz (Xxo (t))} dt < —p°byyo H 00 “ :

Making the sum (3.1) 4 (3.2) + (3.3), side by side, and taking into account d), we have

b [ | NG a0+ (0 Z ) + a0 G (0]

B dnypgo 0 7] oh
b [ 2 [ ) +000) 1t (1) + 0 3505 )

h dkntmxo af ag
bt b [ X O 8+ )5 s v 0

" d a0 oh - 1 2 3 2
t 1=1

0

Using e), it follows that b,,0 > 0 and the foregoing inequality can be rewritten as

[ e |G 0+ 0T 00 + 00 1)
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N /t : dnczxo [A % (xa0 (D)) + p(t)%()@o(t»‘f‘Q(t)%(X;cO(t))} dt

bt [ [y B a0+ 0002 )

o dtk 8:c(k) 8;1;(]9
gk Oh -
Ntxx0
+/ d;k q(t) Oz (X:Jco (t)) dt < — Z )‘lpll + p2 + p3 || 020 “2 :
to =1

or, using the formula of integration by parts, we get

[ |G+ 0T 00+ 08 1)

[ e | A 00+ 50025 () + a0 o 0
t1 k
bt 0P [ G [N 0 0) 4 0000 2 )|

k " dk ah - 1 2 3 2
HD! [ oz [al0) g O ®)] dt < = (S upk +.67 4 5°) 11 o I

to =1

Considering the boundary conditions x(t.) = z., W (t.) = xg., e = 0,1, B =1,k — 1

dC xr-x
(see z(t.) = x. = 2°(t.), 29 (t.) = 5. = 2°P(t.)), and knowing that Zttco =0, (e

{0,1,2,...,k — 1}, (V) t € I (see Definition 2.3), the previous inequality becomes

[ |G 0+ 0T ) + 00 )]

— [ 5 |3 0+ 0155 ca0) + 90) 55 e 0)]

d¥ [ of g

ot (0 [ s B (30 (a0 ) 1)

k h dk 8h - 1 2 3 2
D [ a0 (0 5o O (D) [ < = ( D Npp + 9%+ 97 | [ Orao |12
=1

to

By using Theorem 3.1, it results

p
0<— (Z Nipp + p° +p3> | O ||

=1
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Applying the hypothesis e) and | 6,,0 ||*?> 0, we find a contradiction. Therefore, the
point 2° is an efficient solution to (MV P). The proof is complete. [J

Replacing the integrals from hypotheses b), ¢), of Theorem 3.2, by the integral

| 0g0u(o) + oo de

to
the following statement is obtained.

Corollary 3.1 (Sufficient efficiency conditions for (MV P)) Assume that Theorem 3.1
and Definition 2.3 are fulfilled and the following assertions are true:
t

1
a) the functionals filxa(t)dt, for 1 € {1,...,p}, are (p},b)-quasiinver at x°(-)
to

with respect ton, 0;

b') /1 [p(1)g(x=(t)) + q(t)h(xz(t)] dt is (p*,b)-quasiinver at x°(-) with respect to

to
n, 0;
d") one of the simple integral functionals

/t RO, e {1 .p),

/ P(0)9(xa(6)) + a(O)h(xa (1)) dt.

to
is strictly (p,b)-quasiinvex at x°(-) with respect ton, 0 (p= p; or p*);
p
)Y N+ =0 (p,p° €R).

=1
Then the point 2°(-) is an efficient solution for (MV P).
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Chapter 2

Controlled signomial dynamical
systems as constraints in variational
control problems

In this chapter, by using the notions of the variational differential system, adjoint differ-
ential system and modified Legendrian duality, we provide necessary optimality conditions
for a class of signomial constrained optimal control problems.

2.1 Controlled signomial dynamical systems

Optimal control theory (see [3], [34], [40], [70], [113]), due to important applications in
various branches of pure and applied science, has attracted many researchers over the
years. For instance, Wagner [164] provided a Pontryagin-type maximum principle associ-
ated with some Dieudonné-Rashevsky type problems involving Lipschitz functions. Also,
Udrigte [161], by using the multi-time concept, under simplified hypothesis, formulated
and proved a maximum principle based on multiple/curvilinear integral cost functional
and PDE constraints of m-flow type. Later, Treanta and Varsan [136] proved that solu-
tions associated with an extended affine control system can be obtained as a limit process
using solutions for a parameterized affine control system and weak small controls.

In this chapter, inspired by the previously mentioned research works and in accordance
with [137], [144] and [145], we formulate and prove necessary conditions of optimality for
a new class of optimal control problems involving signomial type constraints.

Further, for x = (z', ..., 2™) € R we shall write > 0 if 2' > 0, i = I,n, and x > 0 if
2 >0, i=1,n. Theset R} = {z € R" : x > 0} is said to be the positive orthant and,
most of the time, we shall use the open positive orthant P* = {x € R" : x > 0}. On the set
P", we consider the distinct monomials of the form v = v¥(z) = (z!)™* ... (2™)**, k=
1,m, where a;j, are real numbers. If az are real numbers, then the functions a};vk , with
summation upon k, are called signomials. The controlled signomial dynamical systems

15



16 Controlled signomial dynamical systems as constraints in control problems

are defined as follows:

(1) = ajo® (x(t),u(t)), i=Tn
where " (z,u) = (2')*%* - (") k(w1 (W) e € R, ko= Tim, i =
Tn B=1,r,tcICR and P" 3 u=(u"), B=1,r, is a control.
In the following, let us consider an optimal control problem based on a simple integral
cost functional, constrained by a controlled signomial dynamical system:

max I (u / X (x(t), u(t)) dt (1.1)

(),
subject to
#(t) = alo® (a(t),u(t)), i=T7 k=T,m (1.2)
u(t) € U, vVt € [0,t0]; x(0) =z, x(to) = 4. (1.3)

In the aforementioned optimal control problem we used the following terminology and
notations: t € [0,%y] is parameter of evolution, or the time; [0,tg] C Ry is the time
interval; x : [0,t] — P", x(t) = (2'(t)), i = 1,n, is a C*- class function, called state
vector; u : [0,ty] — P", u(t) = (u?(t)), p =T1,r, is a continuous control vector; U is the
set of all admissible controls; the running cost X (x(t),u(t)) is a C'-class function, called
autonomous Lagrangian.

Through this chapter, the summation over the repeated indices is assumed. Further,
we introduce the Lagrange multiplier p(t) = (pi(t)), also called co-state variable (vector),
and a new Lagrange function

L(a(t),ut),p(t)) = X (x(t), u(t)) + pi(t) [aj0" (x(t), u(t)) — @' (t)] .
In this way, we change the initial optimal control problem into a free optimisation problem
to
max [ L a(t), u(t).p(0)
u(')vxt() 0
subject to
u(t) € U, p(t) € P, ¥Vt € [0, 1]
x(O) = o, l‘(to) = 'Ito;
where P is the set of co-state variables, which will be defined later. The control Hamilto-
nian A
H (2(t), u(t), p(t)) = X (x(t),u(t)) + ajpi(t)0" (x(t), u(t))
or, equivalently, ’
H =L+ pi' (modified Legendrian duality)

permits us to rewrite the previous optimal control problem as follows

max / [H (x(t), u(t), p(t)) — pi(t)i(1)] dt

u(+), Tt
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subject to

u(t) € U, p(t) € P, Vt € [0,t0)

z(0) = xq, x(tg) = x4,-

2.1.1 Variational and adjoint signomial differential systems

Let us suppose that (1.2) is satisfied. Fix the control u(t) and a corresponding solution
x(t) of (1.2). Let x(t,¢) be a differentiable variation of the state variable z(t), fulfilling

i'(t,e) = aivk (z(t,e),u(t))

z(t,0) =z(t), i=1,n.

Denote by y'(t) := z’(t,0). Taking the partial derivative with respect to ¢, evaluating at
€ = 0, we obtain the following system

g (t) = agvy (x(t),ul®)) - (1),

called variational signomial differential system. The differential system

pi(t) = —appi(t)vg (x(1), u(t))

is called the adjoint signomial dz’ﬁerent@al system of the previous variational differential
system since the scalar product p;(t) - y*(t) is a first integral of the two systems. Indeed,
we have

d

= )y ()] = 0.

2.2 Necessary conditions of optimality

Let a(t) = (4°(t)), B = 1,7, be a continuous control vector defined on the closed
interval [0, ¢o], with @(t) € Int U, which is an optimal point for the aforementioned control
problem. Consider u(t,e) = u(t) + eh(t) a variation of the optimal control vector u(t),
where h is an arbitrary continuous vector function. We have u(t) € IntU and, since a
continuous function on a compact interval [0, ¢y] is bounded, there exists £, > 0 such that
u(t,e) = u(t) + eh(t) € IntU, ¥ |e| < ep. This € is a "small” parameter used in our
variational arguments.
Define z(t, ) as the state variable corresponding to the control variable u(¢,¢), i.e.,

it e) = ayo” (z(t,e),u(t,e)), i=1,n, Vte |0t

and z(0,e) = xy. As well, consider (for || < g5,) the function (integral with parameter)

1(e) ::/OOX(as(t,s),u(t,e))dt.
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Since 4(t) is an optimal control variable we get I(0) > I(¢), V |e| < 5. Also, for any
continuous vector function p(t) = (p;)(t) : [0,to] = R", we have

Amm@p@ﬁumaﬂmgn—ﬂaﬁﬂﬁza
The variations involve
L(x(t, ), ult,e), p(t) = X ((t, <), ult, ))
+p;(t) [ajo® (z(t, ), ult, e)) — i'(t,€)]

and the associated function (integral with parameter)

ugzlﬂmﬁawmgmmﬁ

Now, assume that the co-state variable p(t) = (p;(t)) is of C'-class. The control
Hamiltonian with variations

H (z(t,e),u(t,e),pt)) = X (z(t, &), ult,e)) + atpi(t)v" (x(t, ), u(t, £))

changes the above integral with parameter as follows

1) = [ 1 lt.e).u(t. o)) = ()3 1.0)

Differentiating with respect to ¢, evaluating at ¢ = 0, and using the formula of integration
by parts, it follows

7'(0) = / [,y (a(t), (), p(t)) + py (1)) - 228, 0)de

+/(;0Huﬂ (x(t), a(t), p(t)) - B2 (t)dt — (pi(t) - 2L(£,0)) |,

where x(t) is the state variable corresponding to the optimal control variable u(t). We
must have I'(0) = 0, for any continuous vector function h(t) = (R°(t)), B =1,r. Also,
the functions z.(t,0) solve the following Cauchy problem

Vel (t,0) = ajvl (z(t,0),u(t)) - z(t,0) + ajvl (z(t,0), u(t)) - h(t)
te0,t), 2.(0,0) =0,

Consequently, we obtain

503 (£(0), (D), p(t) =0, Vit € [0,1]. (2.1)



